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CHAPTER 1. INTRODUCTION 
Slow thermal neutrons interacting with an arbitrary system of 
1-4 
particles may be scattered either by virtue of the nuclear interaction 
or by the electromagnetic interaction between the neutron magnetic moment 
and the charge and current densitites of the scattering system. There are 
three separate contributions to the electromagnetic interaction 
Hamiltonian; (i) the magnetic dipolar interaction between the magnetic 
moment of the neutron and the magnetic field produced by the microscopic 
current density in the scattering system ; (ii) the coupling of the 
electric field of the moving neutron magnetic moment with the charge 
density of the scattering system (neutron-spin-neutron-orbit)and 
(iii) the Foldy interaction due to the zitterbewgung motion of the 
anomalous magnetic moment of the neutron.In most magnetic scattering 
piuuiCMid wi piac>civ>ai tiiLCicdCy ciio iiia^iicciw uipwia» i ii cci aw w i v/i i lo * 
the order of 1000 times greater than either the neutron-spin-neutron-
orbit or Foldy interactions, in the present work, only the contribution 
to the scattering cross section from the magnetic dipolar interaction 
will be considered and the corresponding scattering will be referred to 
as magnetic scattering. 
The problem of magnetic scattering has been examined by many authors 
over the last 40 years. Bloch^ and Schwinger^ brilliantly initiated the 
work in articles which shewed that the magnetic scattering of neutrons 
should be an observable effect. These articles were limited to polariza­
tion effects in ferromagnetic bodies which could be used to distinguish 
2 
between nuclear and magnetic scattering. Approximately three years 
after the work was initiated, Halpern and Johnson^ published an article 
examining in detail the magnetic scattering of neutrons by an atom with 
zero orbital magnetic moment. In such a system the current density 
connected with the quasi-classical motion of an electron in an atomic 
orbit (the orbital current density) can be ignored and only the current 
density due to the electron spin (nagnctization currcnt) need be con­
sidered. They were able to show that the magnetic scattering cross 
section could be written in terms of a magnetic scattering amplitude 
which was simply related to the Fourier transform of the magnetization 
current. The expression for the magnetic scattering amplitude could 
then be evaluated if the radial wavefunctions of the electrons in the 
unfilled atomic shells were known. 
g 
Some fourteen years later. Trammel! extended Halpern and Johnson's 
treatment to the case of magnetic scattering by atoms possessing both spin 
9 
and orbital magnetic moments. More recently, Odiot and Saint-James re­
viewed and extended TrammelI's treatment to include the scattering from 
crystal field levels. To handle the orbital current. Trammel! evaluated 
matrix elements of the interaction Hamiltonian using the traditional 
12 Condon and Shortley formalism. Using the techniques of Condon and 
Shortley to evaluate matrix elements in many electron atoms requires 
involved calculation which offers little physical insight into the problem. 
13 
In 1966, Johnston , using tensor algebra to simplify the evaluation 
of the required matrix elements, gave a treatment of magnetic scattering 
of neutrons by atoms. His work was expanded upon in articles 
by Johnston and Rimmer'^, Lovesey and Rimmer'^, Balcar and Lovesey'^, 
Balcar'^, Lovesey'®, Balcar, Lovesey and Wedgewood'^, and Mahendra and 
20 
Khan. A review of this work can be found in the book written by 
21 
Marshall and Lovesey. Although the theory of magnetic scattering as 
formulated in articles based on Johnston's work does produce some calcula-
tional simplification, it is not gauge invarient. According to these 
papers and much to the surprise of an atomic physicist, there would be no 
.contribution to a general inelastic scattering process from an electric 
multipole term in the scattering cross section. For an atom whose 
Hamiltonian contains no momentum dependent terms other than the kinetic 
energy, the theory of magnetic scattering as formulated in these papers 
does give the correct numerical expressions for the elastic magnetic 
scattering cross section. However, the final expression for the cross 
section is a complex collection of coefficients which are devoid of any 
physical significance, and a practical evaluation of the cross section re-
15 22 
quires the writing of complex computer programs. ' 
The aim of the work discussed in this thesis, has been to formulate 
an accurate theory of magnetic scattering which can be used to interpret 
several recent experiments which utilized the sensitivity of polarized 
neutron techniques to obtain precise measurements of rare earth form 
f a c t o r s . O f  p r i n c i p a l  i n t e r e s t  a m o n g  t h e s e  e x p e r i m e n t s  a r e  t h e  
23 2k 
measurements performed by Moon et al. and Stassis e^ al_. on Gd and Er 
metals, respectively. For the rare earth metals, the observed scattering 
is due both to the highly localized 4f electrons and the polarized con­
duction band. By subtracting a theoretical expression for the 4f electron 
4 
contribution to the scattering, the form factor and thus the spatial 
distribution of the conduction electrons can be resolved. This subtrac­
tion produces uncertainties in the conduction electron form factor because 
even changes as small as a few parts per thousand in the theoretical 4f 
electron form factor can be of importance in the quantitive analysis of 
the conduction electron polarization. However, the results can be com­
pared directly with theoretical calculations of the band wavefunctions, 
juch as the spin-polarized augmented-plane wave calculation of the con­
duction electron polarization in ferromagnetic Gd performed by Harmon and 
26 
Freeman. Such a comparison provides fundamental knowledge about the 
conduction electron wavefunctions which are necessary for our understand­
ing of the electronic properties of the rare earth metals. 
2? 07 28 
An analysis of the experiments on Er and Gd metals ' ' indicates 
the 4f electron wavefunctions are most accurately represented by the 
solutions of the relativistic Dirac equation for the tripositive ion. 
The previous formulations of magnetic scattering which have been dis-
C_Q 15-19 
cussed * , cannot be easily generalized to treat the case of scatter­
ing by an atom described by a relativistic Hamiltonian. By formulating 
the theory of the magnetic scattering of neutrons on sound physical 
grounds, Stassis and Deckman^^ have presented a new theory which can be 
applied to evaluate the scattering by an atom described by either a non-
relativistic or relativistic Hamiltonian. In this work the theory formu­
lated by Dr. Stassis and myself will be reviewed and applied to the 
interpretation of the conduction electron form factor in the rare earth 
metals. 
5 
The theory of the magnetic scattering of neutrons has been formulated 
on sound physical grounds by treating it like a specific problem in the 
general theory of atomic collisions. The atomic and nuclear physicists 
have developed many elegant and powerful techniques with which to treat 
atomic collisions and thus much of their work can be used in treating the 
magnetic scattering of neutrons. This fact was not fully recognized by 
previous workers in the field and thus many previous formulations of 
magnetic scattering are unnecessarily complicated. 
In Chapter II, it will be shown that a fundamental property of mag­
netic scattering is the fact that the magnetic moment of the neutron 
couples only to the Fourier transform of the component of the current 
density transverse to the scattering vector. It is well known that the 
probability of emission or absorption of a photon by an atom is determined 
by the Fourier transform of the component of the atomic current density 
transverse to the wavevector of the emitted photon. Thus there is a 
direct analogy between the problem of magnetic scattering of neutrons and 
the radiation problem in atomic spectroscopy. By exploiting this fact 
a general theory of magnetic scattering of neutrons by atoms described by 
reiatlvistic and nonreiativistic Hamiitonians is presented in Chapter ii. 
The differential cross section for scattering by an atom will be 
written quite generally in terms of a magnetic scattering amplitude. The 
advantage of calculating a scattering amplitude is the natural way in 
which the coherent and incoherent cross sections can be derived. Since 
it is well known that the radiation problem can be formulated in terms of 
the multipole moment operators, we expect that the magnetic scattering 
6 
amplitude can also be expressed in terms of these operators. It will be 
shown that an exact calculation of the magnetic scattering amplitude re­
quires the evaluation of transition matrix elements of the multipole 
operators. 
The evaluation of these matrix elements can be considerably 
simplified by using techniques commonly employed in atomic spectroscopy, 
which take full advantage of the symmetries of the atomic states. Since 
many of these techniques are unfamiliar to the solid state physicist, a 
brief review of these techniques will be presented in Chapter III. 
In Chapter IV, the magnetic scattering amplitude of an atom or ion 
described by a nonrelativistic Hamiltonian will be evaluated. The general 
techniques outlined in Chapter III will be used to evaluate the required 
matrix elements. The theory will be illustrated by applying it to 
analyze scattering by rare earth ions. Previous relativistîc generaliza­
tions of this theory which were used to obtain 4f electron form factors 
will be discussed. The tables presented will allow one to evaluate the 
"nonrelativistic" magnetic scattering amplitude for rare earth ions by 
using simple algebraic manipulations. 
In Chapter V, the magnetic scattering amplitude of an atom described 
by a relativistic Hamiltonian will be discussed. The necessary matrix 
elements will be evaluated using the effective operator approach aiong 
with the general techniques outlined in Chapter III. The theory will 
again be illustrated by applying it to the analysis of rare earth form 
7 
factors. Using this theory the conduction electron form factors in 
Er and Gd metal will be reanalyzed. 
8 
CHAPTER II. THE GENERAL THEORY 
To obtain the differential magnetic scattering cross section, we will 
treat the neutron as a plane-wave and calculate the transition probability 
from a plane-wave state jl<) of the incident beam to of the scattered 
beam. Plane-wave states |^) and |^') of the incident and scattered neutron 
beams are defined by wavevectors k and k', respectively, have energies E 
and E', respectively (which are determined by E = ), and the states, 
lit), can be written in the form 
1^ = e'^'^n , (1) 
with and M being the position vector and mass, respectively, of the 
neutron. The plane wave states are normalized by the condition 
<%!%'> = (2ô)3 - t'), (2) 
and the difference between the incident and scattered wavevectors is de­
fined to be the neutron scattering vector, 
q = ^  . (3) 
While the neutron is scattered, the atom or scattering system will 
undergo a transition from some initial state |i) of energy E. to a final 
state [f) of energy E^. The transition probably is given by Fermi's 
•j* 
Golden rule , namely 
t 33 
'See for example, the quantum mechanics book by Schiff. 
9 
^ 1^, = |^l< 1 P(E') (4) 
where p(E') is the density of final states per unit energy range and 
is the perturbing interaction causing the scattering, which is of course 
taken to be the magnetic dipolar interaction between the magnetic moment 
of the neutron and atom. By substituting Equation 1 into Equation 4, we 
can see that the transition probability can be written in terms of the 
Fourier transform of the interaction Hamiltonian, 
= 1^- l<f| / dr^ e'^"'n [ i> j^p (E'). (5) 
The density of scattered neutron-plane wave states can be expressed in 
terms of a unit e? r-nt of solid angle dO, 
p(E') = ^ d^. (6) 
fi (2it)^  
and thus a differential scattering cross section can be obtained from the 
transition probability (Equation 5) by utilizing the relation 
(j<y = W|> ^ -j^,/incident flux . (7) 
Tne incident flux of the neutron wave is determined by the neutron 
velocity, 
incident flux = . (8) 
Substituting Equations 5, 6 and 8 into Equation 7, we obtain an ex­
pression for the partial differential scattering cross section which is 
commonly referred to as the first Born approximation. 
10 
|f(q')|^ô (E. -E^-Aw) (9) 
where 
is called the scattering amplitude. The sign of the scattering amplitude 
has been fixed by requiring that an attractive potential have a positive 
scattering amplitude. The delta function in the first Born approximation 
to the scattering cross section contains the conditions for energy conser­
vation in the scattering process, since Rw is the energy transferred to 
the neutron. Although the first Born approximation has been derived from 
perturbation theory (Fermi's Golden rule),it provides an excellent approxi­
mation to the magnetic scattering cross section for thermal neutrons. 
In the first Born approximation, the magnetic scattering amplitude 
is simply related to a matrix element of the Fourier transform of the 
interaction Hamiltonian. In obtaining this result we have not specified 
whether or not the initial and final state atomic wavefunctions are 
solutions of rslativistic or nonrelativistic Hams 1 tonians^ !n the re­
mainder of this chapter we will give separate derivations of the magnetic 
scattering amplitudes of atoms described by relativistic and nonrelativis-
tic Hami1tonians. The common convention of denoting a nonrelativistic 
state by an angular ket |), and a relativistic state by a rounded ket j) 
will be adopted throughout the rest of this work. 
n 
Nonrelativistic Formulation 
Nonrelativistical]y, the interaction Hamiltonian between the vector 
potential due to the magnetic moment of the neutron and the spin and con­
vection currents of the atom can be written as 
"int - - ^  J 
where j(T) is the current density of the atom. For slow neutrons, Â^(T), 
the vector potential due to the magnetic moment of the neutron, is given 
by 
^ X {-r-7) 
7? (H = -2 f- , . (12) 
and thus the magnetic scattering amplitude can be written as 
—» /—> —» \ 
i q .  r  p . x ( r - r )  
f(7) - -V (f 1 Jx'-'V T(r) • V _ ,3" I i>- (13) 
I 
In these equations, is the magnetic moment of the neutron, 
Y = -1.91, is the nuclear magneton, and a is the Pauli matrix. If the 
current density of the atom is independent of the magnetic moment of the 
neutron (this amounts to neglecting terms quadratic or of higher order in 
^^(r) in the interaction Hamiltonian), the integration over the neutron 
29 
coordinates can be performed , and the magnetic scattering amplitude can 
be written in the simple form 
f(q) - ( ' (14) 
12 
The operatoris dimensionless^ and is simply related to the Fourier 
JL 
transform of the transverse component of the current density operator, 
"" ^ drji> . (15) 
2 2 
In these equations, m is the electronic mass, r^ = e /mc is the classical 
electorn radius, and e = -|e| denotes the electronic charge. 
Thus the calculation of the magnetic scattering amplitude has been 
reduced to the evaluation of the Fourier transform of the transverse 
component of the current density, which is exactly the quantity calculated 
in the radiation problem in atomic and nuclear spectroscopy. This means 
that the problem of magnetic scattering can be handled using many of the 
elegant and powerful techniques that have been developed by atomic 
physicists studying general atomic radiation and collision problems. The 
importance of this conclusion cannot be overstated. The genera] problem 
of magnetic scattering can be formulated by direct analogy with the radia­
tion problem in atomic spectroscopy. 
It is well known that the radiation problem in atomic spectroscopy 
can be formulated in terms of the multipole operators characterizing the 
atom. There are several ways in which to expand the magnetic scattering 
29 30 
amplitude in terms of the multipole operators. in this work the 
multipole expansion shall be derived using the same approach as that used 
in the radiation problem when the long wavelength approximation is not 
^ ^It may be shown that if the electronic velocity operator is equal 
to p/m, the operator is equal to the operator 4 defined by Marshall 
and Lovesey. ' — 
13 
made.^^"^^ To do this, we first express the current operator in Equation 
15 as, 
J " S 
where e^ is a spherical unit vector^^ defined by 
e 
P " -;/? CT, + îpej) . P - ± I (17) 
®o " «3 • 
and e^, are an arbitrary set of orthonormal unit vectors. Then 
using Equations 15 and 16 we obtain 
I  f J -  ,  ( , 8 )  
•'c 
and the polarized wave e^ e"^ can be expanded in vector spherical 
harmonics using the identity 
• (IS) 
where j^(qr) is a spherical Bessel function. The vector spherical 
harmonics V!" , , are vector fields which are generalizations of the 
Kf L 9 1 
spherical harmonics, Y|^. They transform under a rotation of coordinates 
like the and are commonly used in the multipole expansion of the 
electromagnetic field^^ Several of their most useful properties 
have been tabulated In Appendix A. Substituting the expression for the 
polarized wave given in Equation 19 into Equation 18, and performing the 
sum over L(L « k,k+]) we find 
14 
- -4*: )< f 1 J" iS'kf')'-) [ %• x2 (r) ] ( j • Sp) dr 1 i > 
" ^ (^^)[ V \S,,. (f ) 3 (T • V 
+ i''(|j^ )®\.,(qr)t?p.y"^ ;.,_,(r)](j .?p)]d7|!> , (20) 
where Equations A.11 and A.12 have been used to simplify this result and 
 ^ *î* 
^km been used to denote the vector spherical harmonic ^  ^ • Equa­
tion 20 can be further simplified by using Equations A,7 and the fact 
that for any vector A* = • ^ *)e^ : 
(Â"(q))<fIJi''jk(qr)(f) . I(?)df|i> 
Using Equation A.13 to simplify the last term in Equation 21, we find 
t h a t  t h e  m u l t i p o l e  e x p a n s i o n  o f  t h e  o p e r a t o r i s  
I' =: (22) 
k,m 
 ^ «• 
The notation adopted for the vector spherical harmonics is that of 
Blatt and Weisskopf.^^ 
15 
where and are the electric and magnetic multipole operators, 
respectively. The multipole operators 
and 
• (:4) 
are determined by the current density of the atom and the multipole fields 
fields^ ^km' familiar from the multipole expansion of the 
AO 
electromagnetic field. The multiple fields, 
= I*" (4M(2k+l))^ j. (qr)X. (r) , . (25) 
and 
^km^ = [4n(2k+l)]* q Vx(jk(qr)%km(r)), (26) 
have parities (-)^ and (-)^^^, respectively. Since the parity of the 
current operator is (-), the magnetic and electric multipole operators 
have parities (-)*^^^ and i.-)^, respectively, it may also be shown that 
the magnetic and electric multipole operators are irreducible tensors of 
order k (see Chapter III). 
Then using Equation 14 we finally obtain an expression for the 
magnetic scattering amplitude in terms of the multipole moments characteri­
zing the atom or scattering system. 
^The multipole fields, as defined in this work, are dimensionless and 
differ from those defined by Ross and Brink^^ by a factor of 
16 
f(5) • (lvlr> (^ )i[ x;:.(5)<flTMli> -'(5 X >C(5))<flTWW>3]. 
(27) 
->-V:  ^ ->/C 
Since the mutually perpendicular vectors x, and q x X, are transverse 
' km ^ km 
to the scattering vector. Equation 27 explicitly exhibits the fundamental 
property of the magnetic scattering of neutrons, namely that only the 
transverse component of the atomic current density can couple with the 
magnetic moment of the neutron. 
Since the multipole operators are irreducible tensor operators with 
definite parities, the number of multipole moments which contribute to 
the magnetic scattering amplitude is limited by selection rules based on 
parity and angular momentum conservation. The conservation of angular 
momentum produces the requirement that 
1J^-Jj k k s J^+J. 
= Mj+m . 
where J is the total angular momentum and M is its projection along the 
z-axis. Parity conservation requires 
P^ = (-)^P. for electric multipoles. 
P^ = (-)P. for magnetic multipoles. 
where P. and P^ are the parities of the initial and final states, re­
spectively. The multipole moment operators given in Equations 23 and 24 
are expressed only in terms of the current density of the atom. However, 
the charge and current density are connected by the continuity equation 
17 
(28) 
where H, is the Hamiltonîan of the atom and p is the charge density. Thus 
we expect that the multipole operators are expressible in terms of both 
the charge and current densities. 
It is well known that most radiation problems in atomic and nuclear 
spectroscopy can be treated in the small q, or long wavelength, limit 
(qR « 1 where R characterizes the size of the system). In this limit 
the multipole moment operators are proportional to the static multipole 
moments of the system. However, in most neutron scattering problems, the 
wavelength of the neutron is of the same order as the characteristic size 
of the structure being studied, i.e. qR = 1. Thus exact expressions for 
the multipole operators in terms of the charge and current densities of 
the system must be obtained. The magnetic multipole operator (Equation 
24) can be written in terms of the current density of the system by using 
Equation A.8 to obtain, 
Using the simple vector identities, Equation 29 can be rewritten as 
Multipole Moment Operators 
C . - I -r-vu.Yjd?». 
e^q ' yy k(k + 1 ) 
(29) 
(30) 
18 
where 
<31) 
and 
.(m) 
- VM'(r*) , (32) 
are the magnetization and magnetic pole densities, respectively, of the 
system. It is somewhat more difficult to express the electric multipole 
operator in terms of the charge and current densities of the system. By 
using Equation A.8, the electric multipole field may be written as 
Ka' !k+'[4.(2k+,)]t . (33) 
q[k(k+ 1)]2 
Al 
which may be rewritten as 
Substituting this into Equation 23 and using the continuity equation 
(Equation 28), one obtains the following expression for the electric 
multipole operator in terms of the charge and current densities of the 
system, 
(if?) V,„(-r)P(7)^ (rj^ (,r)). 
qfdr jk(qr)Ykm(r)T.j(T)] . 
These are exact expressions for the multipole operators. They are ident 
cal with the dimensionless multipole moment operators that would be 
19 
obtained in the radiation problem, if the long wavelength approximation 
were not made. As expected, the magnetic multipole operator is due 
solely to the magnetization of the system. On the other hand, the 
electric multipole operator has two contributions; one from changes in 
the charge density of the system, and a second which is an induced 
electric multipole moment due to the magnetization. 
These exact expressions for the multipole operators are not always 
needed, for in some problems we can use the small q, or long wavelength, 
approximation familiar from atomic and nuclear spectroscopy. This limit 
can be obtained by substituting the small argument expression of the 
spherical Bessel function, 
in Equations 30 and 35. The multipole operators then become proportional 
to the static multipoles characterizing the system and are given by, 
.,r«. 
and 
qr«I. 
in this limit, the magnetic multipole operator is conncctcd with the 
magnetization of the system and the electric multipole operator is 
connected dircctly with the charge density of the system. Since qr«i, 
only the lowest order multipoles will significantly contribute to the 
20 
scattering amplitude. In fact, if the initial and final states have the 
same parity, the magnetic dipole, and electric quadrupole, terms 
are of primary importance, since the electric dipole term vanishes by 
parity conservation. On the other hand, if the initial and final states 
have opposite parity, the electric dipole term is of importance. 
It should be pointed out that the dipole approximation can be ob-
.-*• -p 
tained directly by approximating e"^ = 1 in Equation 15. In this 
approximation either the magnetic or electric dipole term contributes 
to the magnetic scattering amplitude. The next approximation e'^ = 1 + 
iq'T includes an extra contribution from the electric or magnetic 
(T^^) quadrupole term. For elastic scattering very near the forward 
direction the magnitude of the scattering vector is approximately equal 
to zero (IqI - O) and only the magnetic dipole term contributes to the 
scattering amplitude- Using Equations 30, 36 and A.9, it may be shown 
that in this limit the magnetic dipole term is proportional to the magneti­
zation operator. 
Without an explicit expression for the microscopic current density, 
one can proceed no further than giving exact expressions for the multipole 
operators and the small q limit of these expressions. 
Nonrelativistic Current Density 
Nonrelativistically, the current density can be separated quite 
generally into magnetization and convection current densities and j^, 
21 
respectively, with 
j (?) ' J; (7) + 3^ (7) • (39) 
We shall use the point-charge-point-magnetic moment expressions for the 
hi 
atomic current density which are commonly used in the radiation problem. 
These expressions neglect the effects of the internal structure of the 
particles in the system which is an excellent approximation in all low 
energy problems. Then the magnetization and convection currents are 
" ^9; ? * (SjôCr-r,)) , 
f te. (40) 
I 
and 
jç(^) = ? (v ("r-r;) + 6 ("r-'r ; )v . ) (41) 
where , e. and g. are the charge, position and g factor of the i^^ 
particle, respectively. The velocity operator of the i^^ electron is 
determined by the momentum dependent terms in the atomic Hamiltonian, 
' i = 1 :  •  ( 4 2 )  
The momentum dependent terms in the atomic Hamiltonian can be written as 
'O " "1 " "2 
H — n_ n, + + . • • , (42) 
where consists of the kinetic energy and the momentum Independent terms 
in the atomic Hamiltonian, consists of the other one particle momentum 
dependent terms such as the spin orbit and mass correction terms, H^ de­
notes the two particle momentum dependent terms, etc. Then the velocity 
operator can be written as 
22 
P. SH. 
' î  - ^  ,  j  - 1 , 2 . . .  m  
J » 
where p./m is the velocity operator for a free particle arising from the 
kinetic energy operator. The last terms in Equation 44 are corrections 
to the free particle velocity operator which are due to the fact that the 
atomic electrons are bound. These corrections are reflected in the 
multipole operators which may be written as 
•'L  ^ Cu) (A5) 
where ir = e or m ,and the first term is due to the convection current 
associated with the kinetic energy operator and the magnetization current, 
while the other terms arise from the convection current associated with 
the one-particle, two-particle ... momentum dependent terms in the 
Hami1tonian. 
The largest of the multipole operators are îf (O) and T^ (O) for 
km km 
which analytical expressions have been derived in Appendix B, 
(g  
I 
and 
r£i±£K±Lt]2 S 
GAq' 
(B.IO) 
^•5j-vxIj(j^(qr.)Y^(r.))]. 
S, _ 
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In the expression for the electric multipole operator (Equation B.5), the 
term in curly brackets is due to the convection current, while the last 
term is due to the magnetization current. Similarly, in Equation B.IO, 
the first term is due to the convection current, while the last term in 
the square brackets is due to the magnetization current. The multipole 
operators T^(j) and T^(j) which result from the corrections to the free 
particle velocity operator are substantially smaller than T^^(O) and 
respectively. Expressions for these operators are given in Appendix B. 
This is as far as one can proceed without an expression for the 
atomic Hamiltonian. in Chapter IV, the matrix elements of these multipole 
operators will be evaluated and an expression for the magnetic scattering 
amplitude of an atom described by a nonrelativistic Hamiltonian will be 
developed. 
Relativistic Formulation 
To extend the formulation of magnetic scattering to a relativistic 
atom, we must examine the relativistic atomic Hamiltonian which can be 
written as 
n = E + V , (46) 
i 
where the sum is over the electrons of the atom and 
2 
-» -» 2 Ze ( i_y\ 
-  c G . p  +  P m c  +  - p -  .  
In this equation, is the Dirac Hamiltonian for a single electron in the 
coulomb field of the nucleus, and V, which is usually approximated by the 
f. 2 
Breit interaction , describes the interaction between the electrons of 
the atom. For the Dirac matrices a and 3 we will use the standard 
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representation 
" • I 3 0 )' ^ "(o -l) C"!" 
where a and 1 are the Pauli and unit matrices, respectively. 
The interaction between the vector potential, created by the 
neutron and the current density of the atom can be obtained by using 
gauge invariance to replace p as it appears in the atomic Hamiltonian 
(Equation 46) by p - ^  (7). Providing the interaction, V, between the 
electrons is independent of their momenta (a condition satisfied by the 
Breit interaction), the interaction Hamiltonian which results from the 
application of gauge invariance to Equation 46 is 
"int " - • ^^(r)dr, (4S) 
where the relativistic current density 
T ( r )  =  S  c e  a  ( î ) 6 ( r - r . )  ( 5 0 )  
i 
is expressed in terms of the relativistic electronic velocity, cs. 
Except for the form in which the current density is written, the inter­
action Hamiltonian in Equation 49 is identical with that obtained in the 
nonrelativistic formulation (Equation 11). By using exactly the same 
manipulations as those used in the nonrelativistic formulation of the 
problem, the magnetic scattering amplitude can be expressed in terms of 
the relativistic multipole operators Tj^^and : 
f<q) = irlr^S-Cfl z 
k,m 
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The relativistic electric and magnetic multipole operators defined by 
and 
° jr (;*;) f - J d? . (53) 
are similar in form to their nonrelativistic counterparts (Equations 23 
and 24). However, in the relativistic treatment the current density 
operator is determined by the Oirac matrices and thus the multipole 
operators are no longer simply irreducible tensors of rank k as in the non­
relativistic formulation. Instead, they are 4x4 matrices whose nonzero 
elements are irreducible tensors of rank k. 
As in the nonrelativistic formulation, the calculation of the magnetic 
scattering amplitude reduces to evaluating matrix elements of the multi-
pole operators. The calculation of the matrix elements of the multipole 
operators can be conveniently performed by writing these operators In a 
slightly different form. Using Equation 50 we can rewrite the relativis­
tic multipole operator as 
= -!k(SS)(2=(2k+,))i S Î - {5-
i 
Similarly, using Equations 34 and 50, the electric multipole operator can 
be written as 
cqj,^(qr;)Y.^(r.)r;-a(i)} . (55) 
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The direct evaluation of the matrix elements of these operators can 
be quite involved, and the general information nccessary for calculating 
them is presented in Chapter III. In Chapter V, this general theory for 
scattering by a relativistic atom has been applied to the rare earths. 
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CHAPTER III. REVIEW OF ATOMIC CALCULATIONS 
In Chapter II, it was shown that for scattering from atoms described 
both by relativistic and nonrelativistic Hamiltonians, the calculation 
of the magnetic scattering amplitude could be reduced to evaluating matrix 
elements of magnetic and electric multipole operators. The atomic and 
nuclear physicists have developed many techniques which can be used to 
simplify the calculation of these matrix elements. Since these techniques 
are often unfamiliar to the solid state physicist, this chapter will be 
concerned with the exposition of these techniques. 
The basic theorems and definitions of Racah algebra used throughout 
this work will be presented. Specifically, the 3~j, 6-j and 9"j symbols 
will be defined and explicit expressions will be given for many of these 
symbols needed later in this work. Similarly, an irreducible tensor 
operator shall be defined and the operators used in this work shall be 
expressed as products of irreducible tensor operators. The Wigner-
Eckart theorem shall be stated and the reduced matrix elements of opera­
tors used in this work given. 
An introduction to atomic structure and the classification of atomic 
states will be given. The relativistic and nonrelativistic atomic 
Hamiltonians will be presented and the solutions of these Hamiltonians 
in the central field approximation will be discussed. Also, the classifi-
fication of the atomic states will be presented along with the calcula­
tion of the matrix elements of the Racah tensors. 
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Racah Algebra 
The eigenvalue problem for angular momentum can be written as 
J Ijm) = m|jm) , 
(56) 
Ijm) = j (j+1) 1 jm> , 
where jjm) is a ket vector of the eigenbasis common to the angular 
momentum operators 3 and (the z component of "j). The angular momentum 
quantum number j, must be a nonnegative integral or half integral number, 
and the only allowed values of the quantum number m are the 2j+l quanti­
ties -j, -j+1...j-1, j. 
The coupling of eigenstates and lj2'Ti2) of two commuting 
angular momentum operators and J^, respectively, to form eigenstates 
lj^j2J'^) of the angular momentum operator 3 = 3^+ 'S often performed 
u s i n g  t h e  C l e b s c h  G o r d o n  c o e f f i c i e n t ^  j 2 ' " 2 l *  
= I (jim,j2'"2Ï-'l-^2-''"^ • (57) 
m I #2 
However in this work, we will primarily use the 3~j symbols which were 
kk introduced by Wigner to provide a more symmetrized form of the Clebsch 
Gordon coefficient. The 3"j symbol is simply related to the Clebsch 
Gordon coefficient by 
4 h (_)4 
(j^m^ j2m2l jij'zjm). (58) 
^ ,„2 m, m« -m / / 2j+l 
t 12 
The notation and choice of phase is that of Condon and Shortley. 
29 
where the quantity in the large parentheses is a 3~j symbol. 
There are several properties common to all 3"j symbols. The 3"j 
symbol in Equation $8 is automatically equal to zero unless mj+m2-m=0 and 
Ij1 + j2 (this last condition is known as a triangular relation). 
Due to general symmetry properties, a 3-j symbol is equal to a different 
symbol or simply related to another one by a phase factor. A list of 
these symmetry properties relating different 3~j symbols is given in 
Table 1. Furthermore, orthogonality relations exist among the 3-j 
symbols since they are used to expand one orthonormal set in terms of 
another (see Equations 57 and 58). A list of these orthogonality rela­
tions is given in Table 1. 
Numerical values for all 3-j symbols used in this work have been 
i}5 
presented as square roots of rational numbers by Rotenberg et al. 
Many explicit algebraic expressions for 3-j symbols have been given by 
Edmonds^^, de-Shalit and Talmi^^, and Rotenberg et al^^ Some of the 
most useful of these algebraic expressions and some identities involving 
3-j symbols have been summarized in Appendix C. 
The 3-j symbol was shown to be the expansion coefficient between the 
coupled and uncoupled states of two angular momentum operators. If we 
consider the coupling of eigenstates of three commuting angular momentum 
operators, the 6-j symbol can be defined as an expansion coefficient 
i" 
connecting two differently coupled sets of states of these operators. 
The 6-j symbol can be expressed quite generally in terms of the 3-j 
t 45 
See for example Rotenberg et al. 
Table 1. Properties of the 3-j» 6-j and 9"j symbols 
Symbols 
3-j 
. \ 
mj m^ m 
6-j 
^1 h -^12 Î 
^3 J 
•^23 J 
9-J 
h hi 
h -^4 
j,3 JgA j 
Triangular 
Relations; 
0 - 0 - 0 ^  
( 0 - 0 - 0 ) 
and mj+m^+m - 0 
0 - 0 - 0  
0 - 0  
0 
/ \ 
0 0 
\ 0 - 0  
0
 
1 o
 
1 o
 
0 0 0 
1 1 1 
0
 
1 o
 
1 o
 
0 0 0 
1 1 1 
0
 
1 o
 
1 o
 
0 0 0 
invariant for even permu- - invariant for interchange - invariant for an even 
Symmetry 
Propert i es*" 
tat ion of rows 
- multiplied by (-) 
for an odd permutation 
of rows 
- multiplied by (-) 
for a change in sign of 
all elements in bottom 
row 
of any two columns 
- invariant for interchange 
of upper and lower 
arguments in each of any 
two of the columns 
permutation of rows 
or columns 
Jl+jo+ 
- multiplied by (-) 
J3+j/,+J,2+j3Z,+Ji3+j2i,+j 
for odd permutation of 
rows or columns 
-invariant for reflection 
of the symbol about 
either diagonal. 
^ 0 - 0 - 0  d e n o t e s  a  t r i a n g u l a r  c o n d i t i o n  m u s t  e x i s t  b e t w e e n  c i r c l e d  e l e m e n t s ,  f o r  t h e  s y m b o l  
to be nonzero, for example ^j^^-J^||^^impl ies J-^2'*^-'—-^1 symbol to be 
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nonzero 
b For the 3-j and 6-j symbols more symmetry properties have been given by Regge. 
Table 1. (Continued) 
3-j 
I (2j+l)l 
jm m/ 
j, J2 j 
m j m/ 
Orthogonalî ty 
Relations 
- 6  (nip nij) S  (mg, mp 
/ j ,  J 2  J  
nij m j 
fj, J2 j'> 
viHj tîig m 
<S(j^ jp mp 
(2j+l) 
6-j 9-j 
J (Zjg.+I) X 
J23 
J, Jg j]2 
J 3  J J23 
j, Jg J)2 
J 3  J J23 
6 (j,2' ^ 12 ^ 
(2j,2+l) 
% . (2Ji3+1)(2J24+') 
^13^24 
J, J2 J]2 
3 ^ 4 hh ^ * 
I ^13^24^ j 
j2 J'i2 > 
J3 J4 j34 ) X 
^13^24^ ; 
VJ 
'S(j|2>j!2) 
(2j,2+l)(2j24+l) 
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symbols using the relation 
r \ 
j] hz 
< 
4 ^2 ^12 
J3 J J23 
>" I (-)' 
311 ni ^ ^2 2 ^ ^ ^ ^^23 ^ *^^3 ^2 ^ 23 ' 
-"l ^23) -"3 -"2 -'23 
J3 J J]2 
-m m^2 
(59) 
where the quantity in the curly brackets is a 6-j symbol and s = 3^+]+ 
As with the 3"j symbols, there are many general properties common 
to all 6-j symbols. A summary of the orthogonality relations, symmetry 
properties, and triangular relations for 6-j symbols is given in Table 1. 
Numerical expressions for all of the 6-j symbols used in this work have 
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been presented as square roots of rational numbers by Rots-berg , 
and algebraic expressions for specific 6-j symbols have been given by 
many authors.As was the case for the 3-j symbols, some of the 
most important algebraic expressions and identities for the 6-j symbols 
used in this work are listed in Appendix C. 
If instead of considering the coupling of three angular momenta, 
the coupling of four angular momenta is considered, the 9-j symbol can 
be defined as the transformation coefficient between coupling schemes 
in which pairs of angular momenta are coupled together with the resultant 
angular momenta then coupled to the final value. Specifically, the 9-j 
symbol can be used to define the transformation from LS to jj coupled 
33 
states. If we consider angular momentum operators whose 
eigenstates are |s^m^^} and I respectively: in 
LS coupling eigenstates of ? = and t = are formed and 
then combined to give eigenstates of the operator 
J = L + 5. In the jj coupling scheme, eigenstates of the operators 
and 
are formed and then combined to give eigenstates |(s^&^)j^,(s2&2)j2*j^) 
of the operator Î ^2* transformation between the LS and jj 
coupled states is given by 
|(s,A])j,,(s2A2)j2'jm} = ^CZj^+1 ) (Zj^+l ) (2s+l) (2£+l)]^ x 
Si J] 
f ^ 
Koyjj 
^2 ^ 2 ^2 
s £ j 
> 1 (s,s,)s, {Jl,£2)A,jm), 
where the quantity in the curly brackets is a S~j symbol. ihe 5-j 
symbol can be expressed quite generally in terms of 6-j symbols as 
-"l -'2 ^12 
J3 J4 J34 
I ^13^24^ 
= Ij (-) 
X (2J+1) 
2J 
->1 -"3 ^13 
\ r f *" 
-'2 -^4 •'24 jl2 J 
h ^"34 
) 
J i] ^2 
/ 
(61) 
34 
or in terms of 3-j symbols 
h h hh \ = I 
'3 -"4 J34 
^ j 13^24-^' 
a11 m 
' J'L ^2 ^12^ J3 J4 J34 
*"3 "*4 ""34 
/ j^3 j24 j ^ 
*^13 *"34 ' 
(62) 
J3 J^3 42 ^34 j ^2 Jl} ^24 
M!^ G / A 1^2 rn^ *^24^ ^ ^12 ^ 34 ^  « 
Triangular relations, symmetry properties, and orthogonality relations 
for the 9-j symbols are given in Table 1. Many algebraic expressions 
for the 9-j symbols used in this work are given in Appendix C. 
The angular momentum eigenstates which have been discussed enter 
atomic problems in a direct and physical way when the Hamiltonian of the 
atom is taken to be spherically symmetric. The corresponding set of 
operators entering such atomic problems are the irreducible tensor 
operators. An example of an irreducible tensor operator would be the 
spherical harmonics which transform among themselves like the 
components of an irreducible tensor of rank k under a rotation cf the 
coordinate system. This transformation property is implicit in Racah's 
definition that an irreducible tensor operator T^^ is any operator 
with 2k+l components which satisfy the commutation relations 
t-'z- Tkq] = qTk.q' 
..50 
[J+, T^q] = /k(k+l) - q(q+l) T k,q±T (63) 
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where + iJy and and are the cartesian components of 
the angular momentum operator 3. Using this definition it may be shown 
that the electron spin operator "s and the orbital angular momentum 
operator & form irreducible spherical tensor operators of rank 1 in the 
spaces spanned by their eigenstates (the spin and orbital spaces, 
respectively). It may also be shown that the spherical components of 
the position vector (r^ = ? • e^) form irreducible spherical tensors of 
rank 1 in the orbital space. 
Irreducible spherical tensor components T, and T, can be 
k,,q, 
coupled to form another irreducible spherical tensor component. 7^^, 
by calculating the tensor product 
= tx T I (2k., 
^1^2 \q, q^-q 
T, T, (64) 
1*^1 2'^ 2 
An example of such a tensor product is the vector spherical harmonic 
which was defined in Appendix A; 
"Ik,, = x • 
Throughout this work we will use many tensor products of operators de­
fined in the spin and orbital spaces associated with the electron 
angular momentum operators ^  and "t, respectively. The irreducible 
tensor products of these operators arc defined in t!ie space spanned by 
the eigenstates of the total angular momentum operator ^  Table 2 
Table 2. Tensor products of operators 
Operator^ Expression as a Tensor Product Rank in Rank in Rank in 
the spin the the space 
space orbital spanned by 
space eigenvectors 
of j+Jl+S 
1 K k 
" ''^ <Tk+Ty X 
Jkf'^k.k.i - /irrmr [s x 
v(j [ J  k+1 ^k+1 k + (JL_ m ^2k+l 
tJk-1 Vi " ' 
^In these expressions j. is taken to bo the spherical bessel function whose argument is q-r, 
where r is the magnitude of the position vector. 
Table 2. (Continued) 
Operator^ Expression as a Tensor Product Rank in 
the spin 
space 
Rank in 
the 
orbital 
space 
Rank in 
the space 
spanned by 
eigenvectors 
of j+A+S 
iq /k(k+l) -(2k+|) t^xjk+l^k+i^m 
1 k+1 and 
k-1 
k 
(?xî).î(J^Yj l|r| /k(k+1)[(2^+,) [%xJkYk+,]k + 
i——)^ 4k-i-r 1 k+1 and k-1 
k 
-fjAm |r| [ -C.> + 
%iv '"JkVl'm 1 k+1 and k-1 
k 
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lists many of these operators and gives expressions for them as tensor 
products. 
The advantage of expressing operators as spherical tensors can be 
clearly seen from the Wigner Eckart theorem 
j -m f j, k j \ 
i <j,l|Tkt|j2> , (65) 
\-m^ q m^ / 
where J] i i^|^i 1 ^ 2^ ® reduced matrix element which is independent of 
any magnetic quantum numbers. Thus all dependence on the azmuthal com­
ponent of angular momentum can be factored into the 3~j symbol. Also, the 
3-j symbol in Equation 65 contains all the angular momentum selection 
rules for the matrix element. Several of the reduced angular matrix 
elements of operators used in this work are given below: 
(l"\\ t\\l) = [(2t+l)t(t+l)]^ô(t",t) (66a) 
(ilklli) = [ Y ' 2 ' (66b) 
<-!l V no = (-)^(2^4.!)[^'j^ h 
• \0 0 0/ 
\0 0 0 
xZj ||a>= (2k+l)5(_) 
•/ 
X (66c) 
UW)[ + 
< Î 111 11 Î jf, = (66d) 
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Atomic Structure 
In the expose of Racah algebra which has been presented, only eigen-
states of angular momentum operators have been considered and no mention 
has been made of the wavefunction of a many electron atom. Before the 
wavefunction of a many electron atom can be discussed, some understanding 
of the atomic Hamiltonian and the central field approximation must be 
obtained. 
The exact form of the relativistic Hamiltonian for a many electron 
atom is a problem that is far from solved. In Chapter II, we assumed 
that the relativistic atomic Hamiltonian could be written as a sum of one 
electron Dirac Hamîltonians and that the interaction between the electrons 
could be approximated by the Breit interaction (see Equations 46 and 47). 
2 34 
To order (Za) , the nonrelativistic limit of this Hamiltonian is 
"nr = "C + "P + "mC + "dAR * "so * "bP 
where the nonrelativistic contributions we will consider later are 
given by 
He - li I 1^- e U(r,)], (67.b) 
"HC = S? • 
"so = 5 (r.) t.'S. , (67.d) 
and the sums are over the electrons of the atom. In this equation, is 
the central field Hamiltonian, H^ is a perturbing Hamiltonian which 
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includes the effects of a nonaveraged potential, is the mass 
correction term, is the Darwin term, is the spin orbit term 
and 
"bp = "soo + "oo + "ss 
is the Breit-Pauli term which contains the spin-other-orbit (HJQQ)» 
orbit-orbit and spin-spin (H^^) interactions. Also U(r.) is a 
spherically averaged potential, and g(?.) is the spin-orbit coupling 
constant. 
The solutions of the relativistic and nonrelativistic Hamiltonians 
(Equations 67 and 46, respectively) will be obtained in the central field 
approximation. The postulates of the central field approximation are the 
same for both relativistic and nonrelativistic calculations. Each electron 
is visualized as moving in the potential produced by all the other 
electrons of the atom. The potential is assumed to be spherically 
symmetric, which has the consequence that the wavefunction of a single 
electron can be factorized into a radial and angular part. This means 
that nonrelativistically the one electron wavefunction can be written as 
In (68) 
where is a radial electronic wavefunction, and is a Pauli spin 
matrix. Relativistically, the one electron states can be written as, 
\ J 
(69a) 
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where the radial wavefunctions F and G satisfy 
+ y)G(r) =--^(-2 + mc^ + eu(r))F(r) 
("^ - ^ )F(r) = --^(E + mc^ - eU(r))G(r) 
(6$b) 
and they are normalized by 
J (F^(r) + G^(r))dr = 1 .. (69 c) 
o 
In these equations, U(r) is the average potential in which the electron 
moves, E is the energy, t = Zj-Z, and the angular portion of the wave-
function can be written as 
field approximation is that the electrons obey the Pauli exclusion 
principle so that no two electrons can have the same quantum numbers and 
their total wavefunction is antisymmetric with respect to the simultaneous 
permutation of the spin and spatial coordinates of any pair of electrons. 
To satisfy the Pauli exclusion principle, the many electron wavefunctions 
are constructed from the one electron solutions (Equations 68 and 63s) 
by constructing the Slater determinental product states 
(70) 
where is a Pauli spin matrix. Finally, the last tenent of the central 
1 
*1 (a ) 
(71) 
kl 
where 4) are one electron wavefunctions (Equations 68 and 69a) and a 
represents the quantum numbers of the electron. 
It is well known that the many electron wavefunctions which are 
solutions of the atomic Hamiltonian in the central field approximation 
can be broken into configurations; a configuration being a group of 
electrons whose quantum numbers differ only in the magnetic quantum 
number m. Most atomic calculations are performed in the LS coupling 
scheme' in which the spin and orbital momentum of electrons in a con­
figuration are separately coupled to give t and S, respectively. These 
are in turn coupled to give a total angular momentum 3 and projection M. 
The atomic wavefunctions are then expanded in terms of the Russell" 
Saunders states which have quantum numbers S, L, J and M. These Russell" 
Saunders states can be written in terms of the one electron wavefunctions 
12 by constructing l inear combinations of the Slater determinants. How­
ever, if there are three or more electrons in the configuration, there 
may be more than one linear combination of Slater determinants which 
gives the quantum numbers L, S, J and Thus to uniquely label a 
state we must find additional quantum numbers. 
Racah^^ has shown that a systematic classification of the Russell-
Saunders states may be given using group theory. The way in which a 
particular state transforms under the operations of a group, can be 
labeled by the irreducible representations of the group. These irreduci­
ble representations then play the role of the additional quantum numbers 
See for example Wybourne. 
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needed to uniquely specify the state. Using this scheme to classify the 
atomic states produces a great simplification in the evaluation of matrix 
elements. 
Classification of States 
In Racah's classification scheme the shell, rather than the con-
52 figuration, is treated as the basic unit of atomic structure. Judd 
has recognized that the structure of the shell can be elucidated using 
second quantization, because the atomic creation and annihilation opera­
tors enable one to pass freely from configuration to configuration. Thus 
to understand the classification of the atomic states, an introduction 
to second quantization will be presented and groups will be formed from 
the atomic creation and annihilation operators. Throughout this section 
we will limit our discussion to the classification of LS states of the 
configuration. A LS state jTSLM^ is related to a Russe! 1-Saunders 
state 1~SLJM) by the coupling transformation, 
; S L J \ 
ItSLJM) = (-)L-S-M I (2J+1)* iTSLMgM^) (72) 
'"l'"2 \ M ' 
where T represents the additional quantum numbers which we are seeking. 
The basic idea of the second quantization method is to transfer 
to operators the properties that are ordinarily thought of as being 
characteristic of eigenfunctions. To do this we define the creation 
operator for the single particle nonrelativîstic and relativistic 
states as 
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a"^(niAni^m^) lo) = (73) 
and 
cTfni&JmllO) - |ni&jm) 
respectively, where |0) and |0) both denote the vacuum state. Taking the 
adjoints of both sides of these equations leads to a set of equations for 
the annihilation operators, 
<0laCn^am^m,) = <ni&mgm^| 
and 
(0| q(ni£m^m^) = (ni&jm] 
Anticommutation relations exist for the creation and annihilation opera­
tors. Since the many electron wavefunction (Equation 70 is written as 
a determinant which changes sign if two rows or columns are Interchanged, 
the creation and annihilation operators must satisfy anticommutation 
relations, 
[a^Xnt&mgm^), a*(n'?&'n/m^)]^= 0 
(74) 
[a (n?&m^mg), a(n'i2'm^mp]_|_= 0 
for the nonrelativistic case and 
[q^(nr£.jm), q^Xn'&&'j'm')]_^ = 0 
[q (n^&jm), q(n'i&'j'm')]+ " 0 
for the relativlstic case. If the antisymmetric many electron 
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wavefunctions are to be normalized, we must require that 
a(n'iA'm^m^)]+ = 6(n,n')6(&,A')6(mg,m^) (m^m^) 
and (75) 
[q*(ni&jm), q(n'&A'j'm')]^^ = 5(n,n')6(A,&')6(mg,m/) (m^m^) . 
As expected there is a great deal of similarity in the structure of 
the anticommutation relations for both relativistic and nonrelativistic 
creation and annihilation operators. The structure of the algebra for 
relativistic and nonrelativistic creation and annihilation operators 
can be made identical by defining a relativistic one electrion sJi state 
by the equation 
i & j 
IniZm^m^) » I /2j+l (-) 
jm \ m m. -m 
•' \ s SL I 
jnHjm) (76) 
Such an expansion is equivalent to ignoring the small components of the 
states |ni&jm). Since it has the proper nonrelativistic limit for the 
expansion from the states |s2jm} to IsAm^m^), the definition can be 
justified as reasonable and.meaningful in the nonrelativistic limit. 
A relativistic creation operator a*(n&&mgm^) for the sji, state given in 
Equation 76, can be correspondingly defined 
a*(nl&mgm^) = ^ /2j+l (-)^ ^  " q*(niAjm). (77) 
jm m m, -m 
\ S / 
Utilizing this definition, it may be shown that the relativistic creation 
operator a*(ni&mgm^) satisfies exactly the same commutation relations as 
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the nonrelatîvistîc creation operator for s& states (Equation 73). Thus 
we can proceed to study the algebra formed by the creation operators for 
sA states without regard to whether they are relativistic or non-
relativistic. 
The basic tensoral properties of the creation and annihilation 
operators for sSL states can be seen by investigating their commutation 
with the operators t and One can easily show that 
[L^, a^tniam^m^)] = m^a^(niAm^mj^) 
[L^, a*(ni&mgm^)] = /ï(&+l)-m^(mj^+l) a'*'(nzAm^m^_^^) 
and (78) 
[S^, a^tniam^m^)] = a^tniAm^m^) 
(79) 
is+, a*(ni%mgm^)] = j a'^vntxm^^^ m^) 
Comparing these equations with the commutation relations used to define a 
spherical tensor operator (Equations 63) it is seen that the a^Xniam^m^) 
form the components of a spherical of rank i in the orbital space and 
the components of a spherical tensor of rank -& in the spin space. Since 
the creation operators a*(ni&mgm^) are components of spherical tensors in 
the spin and orbital spaces, they can be coupled using their tensoral 
properties, 
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SL a k" , & i k' 
4.4 ' " '  
(80) 
i m"+m'+m'+ml+i+A , 
X [k',k"] (-) a (niAm^m^) a(ni&m/m^). 
where [k',k"] stands for (2k'+l )(2k"+l). The right hand side of this 
equation can be rewritten as 
- I a*(ni&mgm^)[nl&mgm^|w(^^J^ )|nïAm/m^] a(n^ilm^m^) (81) 
k ' k" 
where [ ] stands for < > or ( ) and w , are the components of single ,
m'm" 
particle Racah double tensors. The single particle Racah double tensors 
are defined by their reduced matrix elements as 
[nlA II w(k''k")|| nlA'] = [k\k"]^ 6(&,A') . 
To understand the nature of these double tensors, we introduce unit 
k' k" 
tensors t and v which act in the spin and orbital spaces, respectively, 
of a single electron. The unit tensors are defined by their reduced 
matrix elements 
(sll t*^ 11 s') = (2k'+l)* 6(s,s') 
(82a) 
(2II v"^" II £•) » (2k"+l)= 6(&,&'). 
The (2k'+l)(2k"+1) products 
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(k',k") _ k' ^k|' (_%, < m' < k' ; -k" < m" < k") (82b) 
m'lrf' m' m" — — — — 
are the components of the double tensors defined in Equation 81. Thus, 
( k ' k" ) 
the double tensors w ' are tensors of rank k' and k" in the spin 
and orbital spaces, respectively. Using the single particle operator 
w defined by Equation 81, we can define one particle operators 
m m 
= I e;-'" (=) • 
N 
where the sum is over the electrons of the & configuration and the 
fk' k") 
tensors W ' will be referred to as the Racah double tensors. The 
Racah double tensors play a central role in the theory of atomic 
structure. They are simply related to the generators of the groups used 
to classify the atomic states, and thus the matrix elements of the Racah 
double censors are considerably simplified by symmetr/ properties. 
Also, by virtue of Equation 8l the tensor product 
[a*(ni&), a(n ii can be considered to be the second quantized 
form of the Racah double tensors. 
To ascertain which groups can be used to classify the atomic states, 
the structure of Lie algebras must be briefly reviewed. Lie^^ studied 
the properties of groups for which all elements could be generated from 
transformations, which are infinitesimally different from the identity 
transformation. All operators in the group can then be expanded in the 
form 
S* = 1 + I* 
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where 6a^ are parameters and are the infinitesimal generators of the 
group. The generators satisfy the commutation relations 
[x^, xg] = i C(o,6,y) (83) 
and the basic structure of the group Is determined by the constants 
C(o,3,Y). The commutation relations In Equation 83 are much too general 
for determining groups which are useful In classifying the atomic states, 
so we will restrict our attention to groups for which the Infinitesimal 
operators can be divided Into two types and E ,E_,...E , 
I J JC Qt p Y 
satisfying the commutation relations 
[Hj, H.] = 0 
[H,. EJ = c, (84) 
[E^, Eg] " c(a,8.0*8) (Bf-s) 
and 
E.„l - I; =1 H; 
Cartan^ has showed that with only five exceptions, the simple groups fall 
into four general classes: special unitary groups, rotation groups In an 
even number of dimensions, rotation groups in an odd number of dimensions, 
and symplectic groups. The numbers (a^, form the components of a 
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vector in an Z dimensional space which is called a root. Cartan , 
Van der Warden^^, and Racah^^ have catalogued the root figures of simple 
groups which can be used to identify groups formed from the creation 
and annihilation operators. 
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To identify the groups useful in the classification of (n 
configurations, let us restrict our attention to the set of all creation 
and annihilation operators possessing identical values of n and For 
a fixed value of n and Â there are 8C+4 such operators, however they are 
not the generators of a group, because they are not closed with respect 
to commutation, if the (4t+2)(8Ù+3) distinct nonzero commutations are 
added to the set of creation and annihilation operators, the group is 
closed with respect to commutation. The commutators i[a*(a);a*($)l, 
i[a(o),a(e)] and i[a^(a) ,a(S) ] (for o^g), can be replaced by 
a^(o)a^(3), a(a)a(3) and a^(a)a(6) owing to Equation 74, giving the 
set of operators: 
[a*(a),a(a)], a*(a)a(g) (a ^  g) , a*Xa)a*(B), a(a)a(g), 
a^(a) and a (a) (85) 
where o" (niAm^m^) and 6= (niS-' m^m^) . 
Judd^^ has shown that the group corresponding to this augmented 
set of operators can be found by first selecting the operators 
= i[a^ (a) , a(a) ] 
so that 
[H^, a^(g)] = 6(a,3) 
[H^, a(g)] = -ô(a,s) a(6) 
[H^. a*(g)a*(Y)] " {6(o,g) + 6(a,Y)} 3^(3)3"*"(y) 
[H^, a(g)a(Y)i  - -{ô(a,g) +ô(a,Y)} aCgjafy) 
[Ha,a"*'(e) a(Y)] - {6(o,g) -6(a,Y)} a*(g)a(Y) 
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The root figure formed by these equations can be Identified as belonging 
to the proper rotation group In 8&+5 dimensions, R(8&+5). 
A subgroup of this group can easily be found by discarding the 
creation and annihilation operators a^(a) and a{a) from the set In 
Equation 85. The remaining operators are closed with respect to commuta­
tion and the root figure of the group can again be found by Identifying 
= i[a*(a), a(a)] and E = (a*(a) a(0) (a g), a^(a) a*(g) and 
a(a) a(S)) as in Equations 85 and 86. The resulting subgroup can be 
Identified as another proper rotation group, R(8&+4). Since the 
operators a^(a) a*(B) and a(a)a(3) connect configurations differing In 
two electrons or none, the classification scheme Is automatically 
broken up into sets of configurations (n&)^ with N odd and even. No 
operator of R(8&+4) can connect members of these two different sets, and 
it follows that by eliminating the operators a*(a)a*(B) and a(a)a(3) 
leaving only those of the type %[a^(a), a(B)] and a*(a)a(6)(o ^  g), 
another subgroup can be found. This subgroup is U(4&+2) and the 
commutation relations that the operators of the group satisfy can be 
written very concisely in terms of the tensor products [a a] (see 
Equation 79)• These tensor products of the creation and annihilation 
operators are the second quantized form of the Racah double tensor 
and circ thus the generators of the group U(4j,+2). The 
commutation relation obeyed by the Racah tensors is 
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' S' ^ " I {(-)S -1} [K,K',K",k,k',k"]i 
k k' k" 
ir ir' -TT" 
k k' k" 
(q q' -q" 
(87) 
where S = K+K'+K"+k+k'+k" and the sum is performed over all double 
primed quantities. The group U(4&+2) is not particularly useful in 
classifying the atomic states, however a subgroup Sp(4&+2) generated by 
(Kk) 
the Racah tensors W with ic+k odd is particularly useful. From the 
commutation relations in Equation 87, we can see that there is a natural 
separation between the subgroups of U(4&+2) formed by with K+k odd 
and even. 
Thus far we have shown that U(4&+2) and Sp(4&+2) are subgroups of 
R(8%+4) which car. be used to classify the atomic states.- Another useful 
subgroup of R(8&+4) is the group R(^(3), having the generators, 
Q.^  « ( —^  ) [a^  (ni&) a'*'(nt&) j , 
= -( —^ ) [a(ni&) a(niA)]°° , (88) 
(i^ = -( ) {[a*(niA) a(niJl)3°°+ [a(ni&) a"''(niJl) ]°°} . 
The vector ^  formed by (Q.^, Q_, Q,^) is called the quasispin. By direct 
calculation it may be shown that 
[3, W^Kk)] = Q (K+k) = odd, 
and thus the direct product group RQ(3) X Sp(4&+2) is a subgroup of 
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R(8&+4). 
We want to find subgroups of the direct product group which separate 
the spin and orbital spaces. To do this we follow Judd^® and Armstrong^^ 
and find subgroups of Sp(4&+2) by selecting two subsets of the Racah 
tensors; and The Racah tensor has rank 1 in the 
spin space and rank 0 in the orbital space. The Racah tensors 
have rank 0 in the spin space and rank k in the orbital space. It can 
be simply shown that 
w(O'k)] =0, 
and that and are the generators of the groups Rg(3) and 
R(2&+1), respectively. Thus the direct product group R(^(3) x Rg(3) x 
R(2&+1) is a subgroup of which separates the spin and orbital spaces. 
It may also be shown that the group R^(3) generated by is a 
subgroup of R(2£^1). Thus the complete decomposition of the shell to 
an individual term is described by 
R(8A+5) 3 R(8&+4) 3 Rj^(3) x Sp(4A+2) 3 Rg^S) x 8^(3) x R(2&+1) 
O Rj^ (3) X Rg(3) X R^ (3) . (89) 
There are alternative ways In which this decomposition can be performed. 
For the case of f electrons an unexpected simplification in the chain of 
decomposition occurs. From the general commutation relation for the 
group Sp(4&+2) (Equation 87 with K+k odd), we would expect the 
commutator of two components of to yield components of tensors 
y(0»l< ) which k'' " 1,3,5. However, the 6-j symbol 
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and all terms for which k" = 3 disappear. This allows a group to be 
formed from the operators and The group can be identified 
as the special group G^, and for f electrons we can use the more detailed 
decomposition R(7) Z) .3 R^(3). 
To use the chain of decompositions given in Equation 89 to classify 
the atomic states, the concept of a representation and basis function 
must be introduced. A set of functions are said to form a basis for a 
group if any operator of the group acting on the functions produces 
another function (or sum of functions) from the set. A representation 
can be thought of as a group of matrices or linear transformations which 
correspond to the abstract group elements. To construct a representation, 
the action of a set of group generators on a set of basis states must be 
catalogued, and a label given to the representation. By treating the 
atomic states as a set of basis states for the decomposition given in 
Equation 89 we can label the atomic states according to the irreducible 
representations of the groups. 
The representations of the groups (3) and R^(3) can be described 
by the quantum numbers S and L, respectively. The atomic states trans­
form according to representations of R(2&+1 ) and Sp(4jl+2) which are 
standardly denoted by the symbol W and the integer v, respectively. 
The integer number v is called the seniority. The irreducible 
representation of the group RQ(3) is described by the single quantum 
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nufrit>er, Q, called the quasîspin of the state. It can be shown that the 
quasi spin contains the same information as v and N because 
Q, « i (2A-1-v) 
and the z projection of the quasîspin is related to the number of 
electrons in the state, N, by 
= -i (2A+1-N). 
The groups R(8&+5) and R(8&+4) describe the shell and are of little use 
in labeling an individual term. For the special case of f electrons, 
the representation, U, of the group G2 can be used to label the LS states. 
In Table 3, this classification scheme has been applied to the LS 
states, 18), which are coupled to form the Russell-Saunders states |6JM) 
of the tripositive ions (see Equation 72). The LS states of ions with 
N 
N > 7 were labeled using the rule that states of the configuration & 
42,+2-N 
form bases of the same representation as those of i with one ex­
ception: M must be changed to -M . These same labels can of course be 
q q 
used to uniquely specify the Russell-Saunders states constructed from the 
LS states. 
Matrix Elements of Racah Double Tensors 
(k' k") 
The Racah double tensors , used to classify the LS states 
were shown to be a product of unit tensors having a rank k" in the orbital 
space defined by the operator t = and a rank k' in the spin space 
defined by the operator ? = In forming the Russell-Saunders states 
from the LS states, the spin and orbital spaces were coupled to form 
eigenstates of the operator ? = t+^. For calculations in the space 
Table 3* Classification of the Hunds rule ground states of rare earth ions 
Ion Configuration IS Ground 
State 
V Q W u 
Ce3+ 1 3 -3 (100) (10) 
PR3+ ,2 2 5/2 -5/2 (110) (11) 
Nd3+ s 3 2 -2 (111) (20) 
Pm3+ ,4 5| k 3/2 -3/2 (111) (20) 
Sm3+ F5 'H 5 1 -1 (110) (11) 
Eu3+ f6 h 6 1/2 -1/2 (100) (10) 
Gd3+ {1 h 7 0 0 (000) (00) 
Tb3+ f8 h 6 1/2 1/2 (100) (10) 
Dy3+ f9 'H 5 1 1 (110) (11) 
Ho3+ flO 5| 4 3/2 3/2 (111) (20) 
Er3+ f l l  3 2 2 (111) (20) 
^12 2 5/2 5/2 (110) (11) 
f l 3  4 1 3 3 (100) (10) 
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spanned by the eigenstates of the operator ? = L+?, we will use the Racah 
(k' k")k 
tensors ' , which are tensor products of the Racah double tensors 
(k' k") 
W , defined in Equations 80-82. This tensor product can be 
mm 
k' k" Ck' k'O 
constructed by using the single particle operators t , v and w^, 
(see Equations 8la, 8lb, and Sic, respectively) to define an operator 
^(k',k") , [w(k',k")]k = [fk' ^  k ^ (go) 
m mm
which can be related to a one-particle Racah tensor by 
W (k'.k")k . y (k'.k")k (i, (3,) 
m V m ^ » \j I 
N 
where the sum is over the electrons of the Z configuration. The Racah 
tensor defined in Equations 90 and 91 is a tensor having rank k' in the 
spin space, k" in the orbital space and k rank in the space spanned by the 
ciycûStôLcS of the opcTator J = LT^, it may be shown that the tensors 
y(0,l)l j y(l»0l) proportional to the operators L and S of the atom 
(^0,1)1 g, r 2 I 
m L 2t(t+1)(2t+l) ^ m ' 
( k'  k ' ) k  
The matrix elements of the Racah tensors W '  between Russell 
m 
Saunders states |GJM), are related to the matrix elements of the Racah 
double tensors by the generalized Wigner Eckart theorem, 
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) - (-) J-M H k J'\ 
^-M m M') 
J kJ.\ ^'1 
(92) 
-M m M ' i  
\L L' k' ) (6Hw(K''k')||8') , 
J J' k 
where [0) is a LS state. Thus the evaluation of matrix elements of Racah 
I ic * k ' ^ k 
tensors W ^ ' between Russell-Saunders states can be reduced to the 
m 
( K '  k '  )  
calculation of reduced matrix elements of Racah double tensors W * 
between LS states. 
It has been shown that the Racah double tensors are the generators of 
the groups Rg(3)» R^(3), Sp(42+2) and R(2&+1), used to classify the LS 
states. Selection rules based on group properties will then exist for 
their matrix elements. To see how these selection rules arise we 
consider two states and which form a basis labeled by representations 
and Tg, respectively, of some group G. For an operator, 0^, which 
transforms according to a representation r^, the matrix element 
rO 
will vanish unless the Kronecker product , 
FA x Tg = Ig c(A,B,S)rg, (93) 
contains with a nonzero coefficient, c(A,B,C). 
The selection rules resulting from the application of this theorem 
to matrix elements of Racah double tensors between LS states, have been 
given in Table 4. 
In Table 4, v, W, U (or v', W, U') denote the seniority, the 
i  
I 
1 
Table 4. Selection rules for the matrix element <SLM_M, ^ |S'L ' MÇM ' > ( k =  0 , 1 ;  k' = even) 
 ^L (Ti rn w L 
R(3) Sp(444 2) R(2t + 1) Ggff-electrons) 
y (0,k) 
m m' 
= m' + 
Mg = m + M'(. 
|L-L' (a k s L + L' 
S' = S 
v' = V , 
If k=odd 
v' = V, vi2 1 
If k = even 
W = W ^ 
i f k=odd 
c(WW'W") =1= 0 . 
if k = even 
y(X,2) y(K,4) y(%,6) 
w(K,l)^ w(%,5) c(UU'(Il))40 
c(uu'0o))4o 
w C'k;) 
"  m m '  
Mg = m' + 
Mg = m + 
|L-L' 1^ k' ^ L+ L' 
S ' = S,Sil 
v' = V c(WV/'W") 4 0 
w(0,i), w(0'5) U' . u 
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irreducible representation of R(2&+1), and the irreducible representa­
tion of Gg which characterize the LS state |SL.MgM^) (or |S'L'MgM^}) and, 
W" and U" are the irreducible representations according to which the Racah 
double tensors transform under the operations of R(2£+l) and G^, 
respectively. The selection rules based on the groups Rg(3) and R^(3) 
are the familiar angular momentum selection rules. The selection rules 
based on Sp(4&+2) (seniority) are equivalent to the selection rules based 
on RQ(3) (quasispin). The selection rules based on the group R(22+l) 
(or G^) require a knowledge of the coefficient C(W,W',W") (or C(U,U',U"))» 
which is the coefficient of the representation W" (or U") in the de­
composition of the Kronecker product WxW (or UxU')- The form of the 
Kronecker product is given in Equation 93, and it is seen that if the co­
efficient C(W,W',W") (or C(U,U',U") for f electrons) vanishes, the matrix 
element wilt be identically equal to zero. For d and f electrons the co­
efficient C(W,W',W") (or C(U,U',U") for f electrons) has been given in 
Tables 5-7. To use these tables, it must be realized that the tensors 
^ and (k = even) transform like the representations (20) 
and (200) of the groups R(5) and R(7), respectively. By virtue of Equa­
tion 92, Tables 4-7 also determine the selection rules for matrix ele-
fic' k')k 
ments of the Racah tensors W ' between Russell-Saunders states. 
m 
The selection rules given in Tables 4-7 only determine if a matrix 
element of a Racah double tensor can be nonzero. The nonvanishing matrix 
elements between LS states can be calculated using the theorem, 
Table 5. The coefficients c(UU'(20)), c(UU'(Jl)), c(UU'(10)) 
U / U '  ( 0 0 )  (10) (11) (20) (21) (30) (22) (31) m  
(00) (0,0,1) (0,1,0) (1,0,0) 
(10) (0,0,1) (1,1,1) (1,0,1) (1,1,1) (1,1,0) (1,0,0) 
(10 (0,1,0) (1,0,1) (1,1,0) (1,1,1) (1,0,1) (1,1,0) (0,1,0) (1,0,0) 
(20) (1,0,0) (1,1,1) (1,1,1) (2,1,1) (2,1,1) (1,1,1) (1,0,0) (1,1,0) 
(21) (1,1,0) (1,0,1) (2,1,1) (2,2,1) (2,1,1) (1,0,1) (2,1,1) (1,1,0) 
(30) (1,0,0) (1,1,0) (1,1,1) (2,1,1) (2,1,1) (1,1,0) (2,1,1) (1,1,1) 
(22) (0,1,0) (1,0,0) (1,0,1) (1,1,0) (1,1,0) (1,1,1) (1,0,0) 
(31) (1,0,0) (1,1,0) (2,1,1) (2,1,1) (1,1,1) (3,2,1) (2,1,1) 
m  (1,0,0) (1,1,0) (1,1,1) (1,0,0) (2,1,1) (2,1,1) 
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Table 6. The coefficients c(WW'(20)) 
W/W (00) (10) (11) (20) (21) (22) 
(00) 1 
(10) 1 1 
(11) 111 
( 2 0 )  1  1 1  1  
( 2 1 )  1 1  2  1  
(22) 1 1 1 
Table 7- The coefficients c(WW'(200)) 
W/W' (000) (100) (110) (200) (111) (210) (211) (220) (221) (222) 
(000) 1 
(100) 1 1 
(no) I 1 1 
(200) 111 1 
(111)  1  1  1  
( 2 1 0 )  1  1 2  I  
(211) 1 1 2 11 
(220) 1 1 1 
(221) II 2 1 
(222)  1 1 1 
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<ellw(k''k")H9''.L.L'.k'.k"]i^ z; (e[ l F )(8' ( l @)(-)S'4+s+k'+L+4+L+k"  ^
e 
S k' S' 
i f & 
L  k "  L ' l  ( 9 4 )  
4 L 4 
where 6 = aSL defines a term of 2^ ^ and (8{ |F) is a coefficient of 
fractional parentage. For most cases of practical interest, the reduced 
matrix elements of the Racah double tensors, and ^ (k' = even) 
MM N 
have been tabulated. For the p ,  d and f  configurations with N ^ 2JI+1, 
Nielson and Koster^^ have tabulated the reduced matrix elements of opera­
tors and U^, which are related to the reduced matrix elements of 
the Racah double tensors by, 
<  8  W  w ( l * k ) n  8 >  =  / 2 ( 2 k + l )  <  8  H  8 ' >  
and 
< 8 l l  w ( ° ' k ) | |  8  > =  /  (2k+l) (2S+1) <Q|| ykj! 
k (k 1 )  
The reduced matrix elements of operators U and V ,  which are related 
to the Racah double tensors by 
< 8 i j  W * ' ii 8 ' >  =  /T[2k+ÎT <8 II 6= > 
and 
<8II II e'> = <8II u^ll e'> , 
have been tabulated by Karaziya e^ for the p^, d^, f^, f^ and f^ 
configurations. 
These tabulations of the reduced matrix elements can be used 
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indirectly to obtain most of the reduced matrix elements needed in a 
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calculation, by using an equation obtained by Judd : 
<5t"vjYS,Ljlw^ '''^  >= (_)X+2t+l + (n'+V2)/2(2i+2-V])"* 
fi(2t+ 1 -v^ ) 1 ifZt+l-Vg') 
X 
%(2'C + l- n') 0 -g(2t+l - n') 
where 
2^ = &(%&+ 1 -V]^  
V2 — 2t + 1 - 2S| , 
(95) 
= 2t + 1 - 2S| 
and for d and f-electrons 
X = V; + L VP 
In this equation and ore seniorities and n' can hove any value 
for which the states <4"'v2YSL| and \sr v^y'S2L'> exist. For d and f-
electrons (if = v^). Equation 95 can be simplified to 
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<*"v;YSL|| w(''k')w &"v,YSL> 
(2 (Za+Z-Vg)(22+1-v^ ) 
(2&+2-v,)(22+i-n') <&"'v2YSL|| w(°'k) II gn'vgYSgl» 
Reduced matrix elements of the Racah double tensors for states in the 
second half of a shell (n ^  22+1) can be obtained from those in the first 
half by using the relation, 
(97) 
- (.)K'+k' +'+(v-v')/2<(4t+2.nvsm^ K^',k' . 
Using the tables of Nielson and Koster^^, and Karaziya ^  and 
Equation 96, the reduced matrix elements of the Racah double tensors 
needed for the evaluation of the magnetic scattering amplitude of rare 
earth ions in their ground state, have been tabulated in Table 8. Only 
the reduced matrix elements for ions with n £ 7 are given because Equation 
97 can be used to obtain reduced matrix elements for ions with lA-n 
electrons. By using Equation 92, this table can be used to obtain the 
reduced matrix elements of the Racah tensors, calculated between Russell-
Saunders ground states of the tripositive rare earth ions. 
In the next two chapters we will show that the magnetic scattering 
amplitude can be expressed in terms of the Racah tensors discussed in 
this chapter. 
Table 8. Rcduced matrix elements (01|W ^ 0) for the ground state of rare earth Ions 
Ion State „(0,3) V,(0,5) 
f' V (3)* (7)i (11)2 
3H (|) (f)' 0 
(39)& 
Pm3+ f'* 5| (j) (195)5 (T) 
f5 S 3#^ 
(4)* 
0 
7(j)* (4)* 
Gd3+ f7 8s 0 0 0 
«(1,0) „(1,2) wC'") wC't) 
(3)* (15)* 3(3)* (39)& 
2(^ )* 
-2(f)* 
(^)* (f) (#)* -(/,) ("fî* (3=3) (!^ )* 
2(f)^  -(|) (#)* (,',) ("]5) .(#,) ('T»' 
(165)& 
-('f) 2(^ )^  
2(42X5 
-(f)* -(42)& -(f)^  
6 0 0 0 
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CHAPTER IV. MAGNETIC SCATTERING BY A NONRELATIVISTIC ATOM 
in this chapter, the general theory of magnetic scattering developed 
in Chapter 11 will be applied to scattering by an unfilled shell of 
electrons in an atom or ion described by a nonrelativistic Hami1tonian. 
The theory presented in this chapter will be limited to the case in which 
the unfilled shell is in the i" electronic configuration; however, Dr. 
Stassis and have generalized the formalism to the case of scattering 
by mixed configurations. The multipole operators will be calculated 
in the extreme nonrelativistic limit, in which the electronic kinetic 
energy is the only significant momentum dependent term in the atomic 
Hami1tonian. The contribution to the multipole operators from the 
relativistic momentum dependent corrections to the atomic Hami1tonian 
will only be discussed briefly. To take advantage of the classification 
scheme for atomic states which was outlined in Chapter I : !, the rr.ultipcle 
operators will be expanded in terms of the Racah tensors. The calcula­
tion of matrix elements of multipole operators can then be separated 
(O k) k 
into evaluating matrix elements of the Racah tensors W ' and 
y(l»k )k g even), and evaluating radial matrix elements which are 
coefficients of the Racah tensors in the expansion of the multipole 
operators. 
For the case of elastic scattering by an atom in a single Russell-
Sandars state of the f configuration, it will be shown that the 
magnetic scattering amplitude can be written in the conventional form 
p(q)q^*a. General expressions for the magnetic scattering amplitude 
69 
p(q) will be presented along with expressions for the magnetic form 
factor. The formalism will be illustrated by applying it to the rare 
earths. 
In Chapter II it was shown that the magnetic scattering amplitude 
could be expressed quite generally in terms of matrix elements of the 
multipole operators characterizing the scattering system. It was shown 
that the magnetic scattering amplitude could be written as 
where tt = e or m. The first term in Equation 45 is due to the magnetiza­
tion current and the convection current associated with the kinetic 
energy. 
An expression for. this term was given in Equations B.5 and B.IO, 
fC?) . (ivlr„)ï. -i(5 X )r^(5))<flT^)u>3] 
qe. 
9:6.Aq 
(B.5)  
and 
s . • V X -
(B.IO) 
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The operators T^^(j) in Equation kS are associated with the convection 
current due to the momentum dependent terms in the atomic Hamiltonian 
other than the kinetic energy. Momentum dependent terms In the atomic 
Hamiltonian (see Equations 6?) other than the kinetic energy are due to 
relativistic effects and will be referred to as relativistic corrections 
to the atomic Hamiltonian. In light atoms the relativistic corrections 
to the Hamiltonian produce contributions to the convection current and 
consequently the multipole operators which are negligible in comparison 
with that of the kinetic energy. However for the rare earths and other 
heavy atoms, the largest of the relativistic corrections to the atomic 
Hamiltonian (in particular the spin-orbit and velocity correction to 
the electronic mass) can produce a small contribution to the convection 
2 9  
current and consequently the multipole operators, in a recent paper , 
Dr. dtassis and I havê examiricu these reiStiViStiC corrections to the 
magnetic scattering amplitude and found that for heavy atoms like the 
rare earths, their contribution is of the order of a few parts per 
thousand the total magnetic scattering amplitude. 
To obtain matrix elements of the multipole operators (Equations B.5, 
B.IO, B.ll and B.12), the atomic states jjM) of the i," configuration are 
customarily expanded in terms of Russell-Saunders states j0JM), 
JJM > - S a(e) 1 ejM> , (98)  
0 
where 6 « aSL and a stands for any additional quantum numbers such as 
seniority, quasispin..., needed to specify the state. The magnetic 
scattering amplitude can then be written as 
71 
where fgj^ (q) Is the scattering amplitude for the transition 
9JM and is given by 
K J m 
-i(qxX*^ (^ ))T^ Jjh le'J'MS . (100) 
If the a(0)'s are known, the calculation of the magnetic scattering 
amplitude reduces to the evaluation of the matrix elements <0JMlTj^ 
{G'J'M'> (ir = e or m) of the multipole operators. Since only transi­
tions within the configuration are being considered, the parity of 
the initial and final states is the same and parity conservation can be 
used to show that only matrix elements of even order electric and odd 
order magnetic multipoles need be considered. This limited number of 
matrix elements will be evaluated using techniques which utilize our 
present day knowledge of atczic structure. They could, of course, be 
12 
evaluated using the techniques of Condon and Shortley or by brutally 
50 
using fractional parentage coefficients and Racah algebra. However, 
these techniques do not take full advantage of the symmetries of the 
atomi c states. 
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Extreme Nonrelativistic Limit 
In the extreme nonrelativistic limit, all the relativistic cor­
rections to the atomic Hamilton!an are negligible and the only momentum 
dependent term in atomic Hamiltonian is the electronic kinetic energy. 
In this limit, the multipole operators are determined solely by Equations 
B.5 and B.IO, since the convection current (Equation 41) is entirely due 
to the electronic kinetic energy. Since these multipole operators are 
one particle operators and we are only considering atomic transitions 
within the configuration, one electron angular momentum conservation 
produces the requirement that their order of multipolarity must be less 
than or equal to 2&+1. Combining this result with the selection rules 
obtained from parity conservation yields the requirement that the order 
of multipolarity must be such that k=l,3...2&+l (or k=2,4...2&) for 
magnetic (electric) multipoles to be nonvanishing. 
In order to take full advantage of the symmetry properties of the 
Russell-Saunders states, the multipole operators must be expressed in 
terms of the Racah tensors (see Equations 90 and 91) which are simply 
related to the generators of the groups used to classify the LS states 
(see Chapter til). To express the muitipole operators in terms of the 
Racah tensors, we must first express them as tensor products of the 
form 
Ckm " Z (101)  
where the one-electron operators are tensor products 
(102) 
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with a^, a tensor of rank k' in the spin space and b^, a tensor of rank 
k' In the orbital space. The operators can be expressed in terms of 
the Racah tensors by using Equation D.3 of Appendix D 
where [<',k'] stands for (2k '+1)  (2k'+l). Thus operators can be 
factored Into products of radial matrix elements and Racah tensors. The 
radial matrix element contains all the information about the radial 
electronic wavefunction and the matrix elements of the Racah tensors 
depend only upon the angular distribution of the atomic states. Thus by 
expressing the multlpole operators as tensor products and applying 
Equation D.3, the multlpole operators can be expressed in terms of the 
Racah tensors. 
k^m • [ 'k' Hi) (a tl[bg^ , 'k' ) k (D.3) 
can be written as a sum of tensor products 
(103) 
Tensor products In the operator T^^(O) which arise from the convection 
current associated with the electronic kinetic energy can be expanded 
(O k) k 
Into the Racah tensors W ' , while tensor products arising from the 
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( 1 k' ) k 
magnetization current can be expanded into Racah tensors W * 
(k'=kj^l). Similarly, the electric multipole operator, T^^^O), can be 
written as 
X® (0) =. (-IL-X ;k+l r 2rt(2k+l) 
km I- J eAq k(k+l) 
«e.(Er-Ej) . 
I Aq 
g.eAq 
(104) 
where the terms in the large square brackets are tensors of rank k in 
the orbital space arising from the convection current and the last term 
is a tensor product arîsir.g frcrr. the magnetization current. The 
parts of the electric multipole operator T^^(O) associated with the 
convection and magnetization currents can be expanded into the Racah 
tensors and ^respectively. Thus the magnetic and 
electric multipole operators have been expressed as tensor products of 
the form given in Equations 101 and 102. 
Using Equation D.3 and calculating the appropriate one electron 
matrix elements, the multipole operators given in Equations 103 and 
104 can be expanded into products of radial integrals and Racah tensors, 
To illustrate the type of calculations involved in this expansion, a 
detailed calculation will be presented for T^ (O)-orbital, the portion 
km 
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of the magnetic multipole arising from the convection current. 
Tkm(°)"°rbita1 (105) 
From the form in which the operator Tj|^^(0)-orbital is written, it is a 
simple matter to identify one electron operators and use Equation 
D.3 to get 
T^JO)-orbitaI » l"*' <ilh 1U> ,{0,k)k 
(106) 
Substituting for the reduced matrix elerr,er.ts of the operators acting in 
the orbital space, which have been tabulated in Equations 66, we find 
T^^(0)-orbital = i'"*' l^i|l I || i> k(k+l) 
|4k+l ' ^ ' 
k 1 k+l|^ I& k+1 Z 
& & & I \ 0 0 0 / 
m 
r (^k+3) (2&+l)&(2+l) , i  / k / ^k+il  
L ÇÏ; i ^ Wk+i / ^ / \ 2k+l 
j^-i (2&+1) [^^k-1)(2&-H)&(&+l) ^ 
k+1 
k 1 k-1 k-1 & 
Z Z Z \0 0 0, 
(107) 
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where 
J = / r f(r)f'(r)j. (qr)dr (108) 
and f(r) and f(r) denote one electron radial wavefunctions. By using 
the identities for 3"j and 6-j symbols given in Appendix C (in particular 
Equation C.5), this equation can be simplified 
^km (O)-orbital = (-)'^'^^(22+l) ^ 
(0,k)k 
{ / (k+l)(2k+3) 
1 I \ k 1 k+1 I & k+1 & 
& & A 0 0 0/ 
inis equation can oe rewritten as 
t|J^(0)-orbital = i^"^^ w(O.I<)k^ 
where we defined 
a (_)k+&(2&+l) &(&+!)(2&+l)(2k+3) i 
I k+1 jiWk+1 1 k 
0 0 oJ i I 
k^+1 jk-l) ' (110) 
Using Equations 103, 104 and D.3, along with the tables and identities 
given in Chapter III and Appendix C, similar expansions of the other 
multipole operators into products of radial integrals and Racah tensors 
can be obtained. The results of these calculations for the electric and 
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magnetic multipole operators are given below: 
K'=k±l 
K - 1,3, ... 2T+ 1 (111) 
and 
,U) _ ; k+lr (k, k) w'(^ 'k)kj , k= 2,4...24 . 
(112) 
where the radial integrals are given by 
RqW - o ] { T  i  1 }  
+ Jk-])' (113) 
R,(k',k) . (.)<-ik-k'-i(2t»l)[lMm2ki^]t 
i/k' 1 k \.U k* I 
0  1  - l / \ o  0  0 /  ;  
(114) 
and 
«^ (k, . (a..,) j ;  «2. ("5) 
*2 " "Trt" j% (••> ' dr'"' " i_g. ^  
(116) 
+ J% '•^Jk(qO(f^-f'^)cir 
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The integrals in these equations are defined by Equation 108 and 
can be evaluated using one electron radial wavefunctions obtained from 
some type of Hartree-Fock calculation. For elastic scattering (f'(r) = 
f(r)) these integrals are simply the Bessel transforms of the electronic 
radial density and have been calculated for all the transition metal^^ 
and rare earth atoms.If the integrals and are known, the prob­
lem of evaluating the radial integrals reduces to calculating algebraic 
expressions containing 3~j and 6-j symbols. Evaluation of the 3~j and 
6-j symbols in the radial integrals has been discussed in Chapter III 
and thus calculation of the radial integrals is a trivial problem. The 
only remaining difficulty in the evaluation of the multipole operators is 
(O k) k 
the calculation of matrix elements of the Racah tensors W ' and 
y(l,k )k _ even). As was pointed out in Chapter III, the evaluation 
of matrix elements of the Racah tensors is simplified by selection rules 
based on the Groups Sp(Ajl+2), R(22.+l), R(3), and (for f electrons), 
used in the classification of the Russell-Saunders states. !t was also 
pointed out in Chapter ill that matrix elements of the double Racah 
tensors in one configuration are related to those in another, so that 
the matrix elements of the Racah tensors can be obtained for all cases 
of practical interest from existing tabulations. 
We have developed expressions for matrix elements of the multipole 
operators between Russell-Saunders states, which can be evaluated 
directly from tabulations compiled by atomic physicists. From these 
matrix elements the scattering amplitude for the transition 
e'J'M' ->• eJM can be obtained from Equation 100, and the magnetic 
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scattering amplitude for an atom in a state |jM) of the electronic 
configuration can be obtained from Equation 99. If we consider elastic 
scattering by an atom in a single Russe! 1-Saunders state of the Jl" con­
figuration, the magnetic scattering amplitude can be written In a par­
ticularly simple form. 
Elastic Scattering by an Atom in a Single Russell-
Saunders State of the Configuration 
For the case of elastic scattering by an atom In a single Russell-
Saunders state 10JM), the electric multlpole contribution to the magnetic 
scattering amplitude vanishes, leaving only the magnetic multlpole con­
tribution. Moreover, since the scattering Is assumed to be elastic, 
only the m=0 components of the magnetic multlpole operators contribute 
to the magnetic scattering amplitude. Thus the magnetic scattering 
amn Î i t «Ho Ko ? m 4-Ko f 
f(q) = fgjn (q) = <8JM| (|~-) (qx^^Cq) x 
Tko(0)|6JM> k=l,3...2&+] . (117) 
This equation can be written In a more conventional form by using 
Equations A.13, A.7, A.4 and A.5 to write 
where & is the angle between the scattering vector q and the z axis of 
the laboratory coordinate system, which Is of course taken as the axis 
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of quantization of the atom or Ion. The vector q^ Is commonly called 
the magnetic scattering vector and is determined by the component of 
the scattering vector perpendicular to the axis of quantization of the 
atom or ion, 
= (q ' Gg/q - e^, (119) 
where denotes a unit vector along the axis of quantization. Using 
this identity the magnetic scattering amplitude can be written In the 
+ 
conventional form 
= p(^?- q^ , 
where p\q) is the quantity determined in an elastic scattering experi­
ment and is sometimes referred to as the magnetic scattering amplitude. 
The magnetic scattering amplitude p(^) is determined by the matrix ele­
ments of the muitipoie operators 
p(q) = (I y^Q ) Pj|^(cos6) < 0JM1T^Q I 9JM> ,  (121) 
where (cos6) is the derivative of a Legerdre polynomial. 
The magnetic form factor is defined as p(q) normalized to one In 
the forward direction (|q| ~ 0). To normalize p(q) to one in the for­
ward direction, we must obtain an expression for p(0). In Chapter II 
it was shown that for elastic scattering very near the forward direction 
only the magnetic dipole term was nonvanlshlng and that In this limit 
it was proportional to the magnetization operator (Equation 31). Since 
t 3 See for example Bacon. 
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near the forward direction only the magnetic dipole term t 'I 'Q  contributes 
in Equation 121, we find 
p(0)=-Yr^ <8JM| 2~ / dr M(r)*e |8JM> 
B 
where is the axis of quantization of the atom. Using the fact that 
the atomic g factor is defined such that 
giig M = -<eJMl/dT M (rO'GglOJM >, (122) 
the magnetic scattering amplitude in the forward direction p(0) can be 
written in the particularly simple form 
yr 
p(0) « gM. (123) 
Providing we use the extreme nonrelativistic approximation to describe 
the atom, the g factor is equal to the well-known Landé factor 
g - I + •"zjjjtif"""'"""*" • (124) 
If the effects of relativistic corrections such as the spin-orbit and 
mass correction terms are considered the atomic g factor will be 
slightly different from the Landé factor. Using the expression for 
p(0) given in Equation 123, it is trivial to normalize the expression 
for p(q) given in Equation 121 and obtain a form factor. 
Since we are only considering scattering in the extreme non­
relativistic limit, the g factor is equal to the well-known Landé factor 
and the form factor can be wri tten as 
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V5) = 
X {R.(k)w'°'''"'t Ï R (k',k)w(''k')k]|eJM> 
" " k'=k±l ' 
= l6JM> 
(125) 
k = l,3...2t+l . 
This formula gives the form factor of an atom in a single Russe!1-
Saunders state. By setting M=J in the formula, we obtain the form 
factor of an atom in its saturated state. 
If a magnetic field, B, is applied to an atom in a single Russell-
Saunders state, [sJM), the atomic state will be split into 2J+1 levels 
-6M 
whose probability of occupation 'S proportional to e , where 
3 " gUgB/kT and 
e-0M 
^ ^ ^  g-pM (126) 
M 
The form factor in this case can be accurately measured using polarized 
neutron techniques which sense the coherent magnetic scattering ampli­
tude. The coherent magnetic scattering amplitude is equal to 
the averaged magnetic scattering amplitude, 
(127) 
In most cases of experimental interest, the condition, g « 1 (see 
Equation 125) is satisfied, and only the first two or three terms in the 
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expans ion 
need be retained. The amplitude (^) depends only on M through the 
factor (-) J-M / J k J |-M 0 M , which is a polynomial of degree k in M. Since 
only odd order multipoles contribute to the amplitudes » k must 
* gM 
be odd and only odd powers of M in the expansion of e (Equation 128) 
can contribute to the scattering amplitude. If we retain only the first 
three terms in the expansion of e this means only the term -8M can 
contribute to the scattering amplitude. In addition, only multipoles 
whose order of multipolarity, k, is less than or equal to the largest 
power of M retained in the expansion of e will contribute to the 
magnetic scattering amplitude. Thus we find that in most cases of ex­
perimental interest only the magnetic dipoie term (k"i) contributes 
significantly to the coherent magnetic scattering amplitude<^fgj^(q^^ 
so that 
(""WH ®) -
and 
/ p(q)\= (IYI I* ) T- <ej |l T.*"!! 0J> , (130) 
\ ° gug J(J+1)(2J+1) * ' 
where Xg(T) is the susceptibility and T^"^ is the magnetic dipoie 
operator. 
Very near the forward direction, the magnetic dipoie term Is 
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proportional to the magnetic moment (see Equation 38), and it may be 
shown that 
Y'*oXa(T)B 
< p(0)> » s- . (131) 
Using this relation to normalize <p(q)> to one in the forward direction, 
the induced moment form factor can be written as 
f(q) < ej|| ej > . (132) 
[J(J+1)(2J+1)1 
Elastic Scattering by Rare Earth Ions 
Before we can use the theory of magnetic scattering developed in 
this chapter to analyze experimental results, the behavior of rare earth 
ions in solids must be briefly reviewed. The 4f and other electrons of 
the ion core which do not participate in the bonding in the solid are 
described as in an atomic model. Using this model to calculate the 4f 
wavefunctions in a solid is an excellent approximation because the 4f 
2 ^ 
electrons are highly localized inside the closed 5s and 5p shells 
which shield them from the neighboring ions. Usually the ion core is in 
the tri valent state with an electronic configuration consistent with a 
xenon structure of electrons (Is^ 2s^ 2p^ 3s^ 3p^ 3d^^ 4s^ 4p^ 
4d^^ 5s^ 5p^) and an unfilled 4f shell having a Hunds rule ground 
state. However, if the unfilled 4f shell of the trivalent ion is 
almost open (Ce,Pr), half filled (Sm,Eu,Tb), or closed (Tm,Yb), a 2^,4^ 
or mixed valence state may have a lower ground state energy. 
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In this work we will only be considering elastic magnetic scatter­
ing by tripositive rare earth ions. Also, we will treat the ground 
state wavefunctions of the tripositive ions as pure Russell-Saunders 
states and not consider possible small admixtures of excited state wave-
functions. Thus, the magnetic form factor for tripositive rare earth 
ions can be calculated using results from our discussion of elastic 
scattering by an atom in a single Russell-Saunders state of the 
electronic configuration. Expressions which can be used to obtain the 
saturated and induced moment form factors of rare earth ions were given 
in Equations 125 and 132, respectively. To evaluate these, we must 
calculate the matrix elements of the multipole operators given in 
Equations 111 and 112. The multipole operators are determined by 
radial integrals (Equations 113-116) and Racah tensors. 
Only the radial integrals R^yk) and R,(k',k) (k' = even), which are 
determined by Bessel transforms of the electronic radial density and 3~j 
and 6-j symbols, are needed for the evaluation of the multipole operators. 
By factoring out the Bessel transforms leaving RQ(k)/(j^^] + j^_]) and 
R^(k',k)/j^,, we obtain quantities which depend only on the one electron 
orbital angular momentum quantum number and can be independently 
tabulated for all atoms within the electronic configuration. The 
quantities RQ(k)/(j^^] + and Rj(k',k)/j^,, needed for the 
interpretation of elastic scattering experiments are given for d and f-
electrons in Tables 3a and 9b. All the entries in the tables were 
obtained by using the references cited in Chapter Mi to evaluate the 
3-j and 6-j symbols appearing in the radial integrals (Equations 113 
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Table 9a. Radial integrals for d-electrons 
Rl(k',k) 
^k' 
0 2 
Ro(k) 
k/k' 4 k+l) 
1 (5/2)2 (5/14)^ (5)S 
2 
-5î/^ 14 
3 -(10/7)2 -(15/14)% -(30)5/7 
4 31(5/14)3 
• 5 (15/7)* 0 
I 
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Table 9b. Radial integrals for f-electrons 
k/k' 
R](k',k) 
Ro(k) 
(Tk-i+jk+i) 
1 (7/2)3 (7/15)2 (14) 
6 
7 
-1(7/3)^ 
-(28/15)2 -(21/22)3 
-(2)? 
3'(7/22)2 
I 
(21/i1)2 5(35/429)2 j (1/11)(70)% 
J 
-51(7/33)% 
-10(14/429)2 
and 114). 
The calculation of the multipoles needed to obtain form factors for 
rare earth ions, is then reduced to the evaluation of matrix elements of 
the Racah tensors w(0,k)k ^^ (k' = even) between Russell-
Saunders states. it was shown in Chapter I I I  (see Equation 92) that 
using a generalized WIgner-Eckart theorem these matrix elements can be 
expressed in terms of reduced matrix elements of Racah double tensors. 
The reduced matrix elements of the Racah double tensors for the LS 
states comprising the Russell-Saunders ground states of rare earth Ions 
with less than 8 electrons in the 4f shell were given In Table 8. The 
reduced matrix elements for ions with 8 or more electrons in the 4f shell 
have not been tabulated because they are identical with those of ions 
having l4-n electrons. 
The matrix elements of the multlpole ooerators can then be obtained 
in closed form in terms of Bessel transforms by using simple algebraic 
manipulations to combine the radial integrals with the matrix elements 
of the Racah tensors. Reduced matrix elements of the magnetic multlpole 
operators for the ground states of rare earth ions have been tabulated 
in Tob^c 10 OS l inear combinations of Bcsscl transforms jThe In­
duced moment form factor discussed in Equation 132 can be obtained 
directly from the f irst column of Table 10 by normalizing to 1 in the 
forward direction the reduced matrix element of the magnetic dipole 
operator T^^^. Similarly i f  the state of the ion is known. Table 10 and 
Equation 125 can be used directly to obtain the form factor. For the 
important case of saturated rare earth ions, form factors for 
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experimental configurations having ©= 7r/2 are listed in Table 11. it 
should be noticed that the form factors for rare earth ions in their satu­
rated states are expressed as linear combinations of the with rational 
coefficients. The Bessel transforms in terms of which the form factors 
of rare earth ions have been expressed, are determined by the 4f radial 
wavefunctions. Using Hartree-Fock calculations of the 4f radial wave-
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functions, Blume et al. evaluated the Bessel transforms for all 
tripositive rare earth ions. However, even early measurements of form 
factors of rare earth metals^^ showed that the experimentally determined 
form factor decreases with increasing scattering angle faster than would 
be predicted by calculations using the Bessel transforms obtained by 
Blume et alThe resolution of this problem began when Moon et al 
performed accurate measurements on a system in which there was no orbital 
moment to complicate the interpretation of the data (Gd metal). They were 
able to show that the experimentally observed scattering amplitude for Gd 
metal could be separated in a logical manner Into a local and diffuse 
part. The local part was determined by the 4f electron radial density, 
which was significantly expanded relative to calculations with non-
relativistic Hartree-Fock wavefunctions. The diffuse part corresponded 
to the conduction electron polarization. 
Davis and Cooke^^ analyzed the local part of the form factor and 
suggested that this discrepancy was due to the fact that the 4f wave-
functions are only accurately obtainable from a relativistic treatment. 
Freeman and Desclaux^^ then proposed that the Bessel transforms j 
(m) 
Table 10. Reduced matrix elements < 8J|^kjO)||  8J > for the 
(m)' ( in) 
ion < GJII t ,  (0) II  6J > < 8J 1^^(0)11 8J 
Ce'"' %/2 -3(t^ ) 
Pr'^ -
^'4 TTfi'^'viv 
\ / 2  
Cd3* -3(l4)*Tg 0 
Tb3- a(iZ3)V^ .|2l,) 
^"i5/2 
„o3- 5,^ 
ground state of rare earth ions 
(m) (m) 
OJl^gfO) II  0J > < 6J|fr^(0) I I  0J > 
-(jy) 0/j+12j^ ) 0 
77(||)^ (Ji,-'^ l6) 0 
0 
A. 
i_(7Zli)^y _^y ) 5_(22610 2-: 
1 1 V  3 3  ;  3 3 ^  4 2 9  ^  • ' 6  
-fr<% 'vfiJe' 
Table 10. (Continued) 
Ion 
(m) 
< ejlfrj(o) 11 0j > 
(m) 
< 0Jl|7,(O) 11 ej > 
(m) 
< eJl[rj(o)ll 0J > 
(m) 
< 0J|[T^ (O)11 0J > 
^-^*"' ,5/2 
40 ,260015\^T 
"429^  39 ' J6 
- t » ) ^ V n V  -aVjT'WBÏs'  
25/22610V^T 
33^ 429 ^  -^6 
•T'2>*<Vf J2'  -y (77)^ (j2+^ jz|) -7 (  22> 'VBJÔ' 
V0 
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could be calculated using reiativistic Dirac Fock wavefunctions if the 
(Equation 108) were replaced by the reiativistic generalization 
I k  - +  ( , 3 3 )  
J (F- GF)JJQR)DR , 
where F\ - F .. and G. = G are one electron radial wave-
+ n&j = i n&j=&+i 
functions (see Equations 69). In the Dirac Fock calculations, the hf 
radial density was found to be expanded relative to the Hartree Fock 
results, due to a reiativistic contraction of the inner shells which 
changes the potential in which the 4f electrons move. Using the 
reiativistic generalization given in Equation 133, agreement has been 
23 24 
obtained with the local part of the form factor in Gd and Er metals, 
25 
and in a truly ionic compound TbfOH)^. 
Although the reiativistic generalization for the Bessel transforms 
(Equation 133) reproduces experimental results, it is somewhat in­
consistent to evaluate with reiativistic wavefunctions an expression for 
the 4f form factor which was originally derived by assuming that the ion 
could be described by a nonrelativistic Hamiltonian. In fact the 4f-
electron form factors calculated using the reiativistic generalization 
for the Bessel transforms defined in Equation 133, differ by a few parts 
per thousand from form factors calculated using the reiativistic 
formalism which will be discussed in Chapter V. These small differences 
can be of some importance in experiments designed to measure the form 
factor of the conduction electrons. Specifically, conduction electron 
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form factors have been obtained for Er and Gd 'metals by subtracting 
the scattering amplitude of the localized 4f electrons from the experi­
mentally determined scattering amplitude. Since the conduction electron 
contribution to the total magnetic scattering amplitude Is only a few 
percent at small scattering angles, changes of the order of a few parts 
per thousand in the localized 4f form factor can be of Importance In the 
quantitlve analysis of the conduction electron form factor. 
In the next chapter we will compare the results of calculations 
using a relativistic formalism with those performed using the relatlvls-
tic generalizations of the Bessel transforms (Equation 133) to evaluate 
nonrelativistic expressions for the scattering amplitude. The results 
of this comparison have been summarized in Tables 13a, 13b, I3c, 14a, 
14b and l4c of Chapter V. 
Table 11. Saturated rare earth form factors 
Ion Form Factor for Saturated Rare Earths with 6 = y 
f^ Zpg/g Jo + 2 ^ 2 - 3F J* + W h 
Pr^ i JQ + Tg + li, - 139392 ^6 
T + UK T + i57 Y _ 11675 
Jo 792 -"2 •''» 139392 
nh3+ f3 \ T +1111T I 7525 J , 10295 j 
' '9/2 Jo 572 -^2 37752 -"i» 100672 H 
B 3+ ,4 5, T , 10297 T , 14581 y 7550975 j 
^ U •'o 4356 •'2 207^16 J4 129564864 •'ô 
c 3+ 4:5 6m — 95 — 611 23 Y Sm f Hgyg Jo TF -^2 2904 -'4 " 2178 ^6 
VD 4r-
a> 
To 
F® '^ 6 Jo 
D/'-^  f5 To 
Ho3- f'° =1, Jo 
f" ''1,5/2 To 
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CHAPTER V. MAGNETIC SCATTERING BY A RELATIVISTIC ATOM 
In this chapter the relativistic formulation of magnetic scattering 
which was presented in Chapter 11 will be evaluated for an atom in the 
electronic configuration. Dr. Stassis and 1^^ have obtained ex­
pressions which can be used to evaluate the scattering amplitude of an 
atom which is not in the configuration; however, these calculations 
will not be discussed in this work. To evaluate the matrix elements of 
the relativistic multipole operators (see Equations 52 and 53), we will 
use the effective operator approach. In this approach, an effective 
multipole operator is defined such that a relativistic result is obtained 
by taking matrix elements of this effective operator between nonrelativis-
tic states of the atom. It will be shown that from the effective multi-
pole operators, we can define an effective magnetic scattering amplitude 
which can be expressed in terms of relativistic radial integrals and the 
Racah tensors. For an atom in a single Russell-Saunders state of the 
configuration, the effective magnetic scattering amplitude has a par­
ticularly simple form. Using the expressions developed in this chapter 
for the effective magnetic scattering amplitude, scattering by rare earth 
ions will be considered. 
In Chapter II it was shown that the calculation of the magnetic 
scattering amplitude of a relativistic atom can be reduced to the 
evaluation of matrix elements of the relativistic multipole operators. 
The direct evaluation of these matrix elements can be quite involved for 
two reasons. First, relativistic calculations are usually performed in 
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the j-j coupling scheme, however the atomic states (especially those of 
rare earth ions) are much nearer to the LS limit. Thus an expansion of 
the atomic wavefunction in terms of LS coupled Russell-Saunders states 
only contains a few terms, while the corresponding expansion in j-j 
coupling often contains a great many terms. Second, it has been tradi­
tional in atomic physics to use a nonrelativistic description of states 
and operators. To circumvent these problems, we will again draw on work 
performed by atomic physicists, and use the effective operator approach 
68 
first introduced by Sandars and Beck in the study of hyperfine 
structure. 
The basic idea of the effective operator approach is to define an 
effective operator such that the matrix element of the effective operator 
taken between nonrelativistic states of the atom is identical to the 
matrix element of the actual operator taken between relativistic atomic 
68 
states. To do this, Sandars and Beck introduced the concept of an LS 
coupled relativistic state [tSLJM^), which is constructed by requiring 
that in the nonrelativistic limit it become equal to the corresponding 
nonrelativistic LS coupled state JTSLJM). In the central field approxi­
mation this can be done according to the following recipe: 
1) Take a nonrelativistic Russell-Saunders state ixSLJM) and 
expand it into single particle wavefunctions of the form 
(see Equation 70) 
InèHrn m^) = f(r) (r) 
I s 
2) Replace the nonrelativistic states jn^Jlm^m^) with their 
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relativistic equivalents defined in Equation 76 of Chapter III 
i H j 
""s 
JniAjm) . 
The resulting states [TSLJM^') will be called LS coupled relativistic 
states, and in Chapter MI it was shown that they can be classified with 
the same groups used to classify the nonrelativistic LS states. 
With this definition of an LS coupled relativistic state, the prob­
lem of calculating matrix elements of a relativistic operator 0, can be 
reduced to calculating matrix elements between nonrelativistic states 
by defining an effective operator 0^ such that 
(tSLJm'^IoI t'S'L'J'M"'^) = <TSLJMj0^lT'S'L'J'M'> . (134) 
Thus the calculation of relativistic atomic matrix elements can be re­
duced to evaluating matrix elements of effective operators between non­
relativistic Russel1-Saunders states. Reviews of the effective operator 
59 34 
approach have been given by Armstrong and Armstrong and Feneville. 
To apply the effective operator approach to the evaluation of matrix 
elements of the multipole operators, it must be recognized that the 
relativistic multipole operators are one electron operators of the type, 
° ? '•km"* • 
I 
It is logical to expand the nonrelativistic effective operator cor­
responding to into Racah tensors which are the generators of the 
groups used in the classification of the nonrelativistic states (see 
Chapter III), 
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«effective _ y .k (K',k')k 
km ~k' k' K',k' m * (136) 
Then by substituting Equations 135 and 136 Into Equation 134, we can show 
k 
that the coefficients A^, can be calculated from the one electron 
matrix elements 
(137) 
Using the identifies and definitions presented In Chapter III, the matrix 
elements on,both sides of this equation may be simplified and the co­
lt 
efficient A , , , can be shown to be determined by the reduced matrix 
< ,k 
element of the operator bj^, 
= T" r : Î I VI 1/1 it ri/l& < f / r r^ drt'n-ôi lib. iifi 4, !*)• 
r\ I , t A-. LJ 9"" 9'^ J I 'V I 0 » 
j.r 038) 
In this equation, the matrix element in the Integrand Is reduced only with 
respect to angular variables. Since each row and column of the 9-j 
symbol in Equation 138 must satisfy triangular conditions (see Table 1), 
it is easily shown that the only possible nonvanishing coefficients are 
k k 
AQI^ and A^ (k'=k,k+l). Therefore, the effective multipole operators 
' (0 k)k (1 k')k 
can be written as linear combinations of the tensors W ' and W * 
(k'=k,k+^l). Thus, by using Equations 136 and 138 we can define an 
effective multipole operator and calculate matrix elements using non-
re'ativistic atomic states. 
99 
The evaluation of matrix elements of the relativistic multipole 
operators using the effective operator approach can be conveniently per­
formed by writing these operators in a form different from that given in 
Equations $4 and 55. By using Equations A.8, A.10 and A.14 the relativis­
tic electric and magnetic multipole operators can be written as 
cqr.j.(qr.) i 
(i39) 
and 
= -:\%§)(2«(2k+l))^ Z J\(q'-j)[a(î) xY^(?j)]^ . (140) 
The relativistic multipole operators are now expressed as tensor products 
and can be readily substituted into Equations 135, 136 and I38 to obtain . 
effective multipole operators, 
ytm) = ;k+l [R(m)(o,k,k)W (O'k)k + ^ a(^^(l,k',k)W ] 
^ k'=k,k±1 
k=l,3... 2i+]; k'^2t (141) 
7(6) = ;k+l [R(e)(o,k,k)W (O'k)k ^ ,k'] 
k'=k,k±l 
k=2,4... 21; k'^2i . ('^2) 
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In these equations for the effective electric and magnetic multipole 
operators, the radial integrals R (K',k',k) correspond to the coefficients 
AR' k' Equation 136, and are given by 
R(*^(%',k',k) = i(^) •/2jt [K',k']^ Jr^drj|^(qr) X 
t Î k'[ (at,jH[a X Y ]''lln^ j') (,43) 
IJ j' kj 
and 
/ i i 
[- l|n 4 j') + rj|^(qr){-(k+i;F * 
q or K K (2k+i)^ K 
(nAjll [axYj^^^]*^]} nS,j') + (k)^(nlj|| n&j')}]. (144) 
The relativistic reduced matrix elements which appear in the radial 
integrals (%=e or m), can be written as products of relativis­
tic radial wavefunctions and nonrelativistic angular matrix elements: 
(ntjlll^ X Y|^,,]^||n t j ') r i^ axY^,,]^||n 
•<nXj llL a X Y ,] t j ' > (145) 
and 
("tj liY t j') = <ntjllY|^l{n-vC'j'>+^ <n%jliYj(n ^  j '> , 
(146 
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where 2 = 2j - A. Using the tabulation of reduced matrix elements of 
nonrelativistic operators given in Equations 66 and basic theorems of 
Racah algebra. Equations 145 and 146 can be rewritten as. 
(n{,j)|[ ax ||n t j') = (-)'^(^)^X 
[ UA(s r 0 ) ' 
il j 
i I j 
1 k" k 
• FG'4[t o)' 
it j] 
il j'• 
U k" k 
r  GF' j  
(147) 
and 
(ntjllvjln I j') = [j ]' 
r^ 
It i" 
(0 k k 
I -t k ^  Ipp, 
vo 0 0 
]* 11Ï 1146; 
The relativistic radial integrals can then be obtained by substituting 
the expressions for the relativistic reduced matrix elements given in 
Equations 147 and 148 into Equations 143 and 144. The sum over the re­
duced matrix elements in Equations 143 and 144 can be performed with the 
aid of the tabulation of 9~j symbols given in Appendix C, and after some 
tedious algebraic manipulations, the relativistic radial integrals can 
be written as, 
102 
R(*)(X',k,k) » [<'(4+n(2A+nf2k+3) 
c r a f r ; : ! - ' - » ' . " . "  
R(*)(],k',k) =(-)t jk-k'-l (2_^+,)|;(2k+])(2k'+1)^^ 
k'=k+l if w=m; k'=k if n=e(150) 
%(«)(%',k',k) . (-) m?!} [t(t+IX2t+l)(2k+l)(2k'+l)]& 
ct)i.r II} (151) 
k'=k,k±l. • 
The integrals (<',k',k) (n=e or m) are given by; 
j(")(0,k,k) = Zmc J r(j +j ) [(£+l)(F G- +G F' )-UFG'+GF') 
t)(2i+l}^ K+l K i 
-Î ( F|G1+(^ 1+FG^ +GF+) ] (152.9) 
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(G.F; - F^ G:)I . (,52,h) 
'"'('-k+'-k)- J" ''lukl.r'' [-(t+')(k+')(2t-k)(q:,'<<&:) 
-^(k+l)(-2^+k+2)(F_GJ-HiJ_') + % (2^-k) (2t4-k+2) (G^'4f^' 4-Gf^' )] dr 
(152.c) 
k-l,k)=--^^ J (k.+jj(2k+!) [k(t-H)(2t+k+l)(%_'-K^') + 
kC(2t-k+l ) (FGJ +GF_' ) + ?(2^+k+l ) (2t-k+l ) (GfJ +Fj^' +F^' +GF_^' ] dr 
(152.d) 
I 'Jk - (fvGJ+GF;)]dr (152.e) 
^ ^(0,k,k)- - 2 J ^  (''j.)[ (2-t+k+2) (2-t-k+l) (FF'+GG') + 
q 1 2(24+])^ dr k ++ ++ 
^ 2m ' 
(2^+k+l ) (2t-k) (FT' +G_GJ ) + k(k+l ) (F^J +G^G_' +F_F_^' +G_G^' ) ] dr -
2 J rJk [ (2t+k+2) (2t-k+l ) (1^' -G^' ) + (2-t+k+l ) (2^-k) (F_G_'-G_F_') + mc 
A(2t+1) 
k(k+1 ) (F G^J -g_f; +fg; -C/^ J ) ] Jr (152. f) 
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j(*)(1,k+1,k)=(k(k+1))& =3^ J rj. [(2t-k+l)(FG'-GE') -
#*(2<t,+l) -H-  ^
(2^+k+l)(FGJ-G_Fj) + k(FjïJ-G_F^'+F_G;-G/_')]dr (152.g) 
and 
j^®^(l,k-l,k) = (k(k+l))^ ^ J rj. [ (2t+k+2) (FG'-GF ' )-(2t-k) (FG'-GF ' ) 
^ ++ ++ — — 
- (k+l)(F,GJ-GF;+FG;-G/J)]dr, (,52.h) 
where F^ = and G^ - ®n2.j=5.+i one electron radial wave-
functions obtained from some type of Hartree-Fock-Dirac calculation. 
Thus in Equations 141, 142 and 152 the relativistic multipole opera­
tors have been expressed as effective operators which are products of 
relativistic radial integrals and Racah tensors. It is clear from our 
discussion that the magnetic scattering amplitude can be formaiiy written 
as 
f(5) = b|r„; • E (^)4 • 
k,m 
where T^|^^and T^j^^ are effective multipole operators. To calculate matrix 
elements of these effective multipole operators, we only need to evaluate 
radial integrals and the matrix elements of Racah tensors between Russell-
Saunders states. The calculation of the matrix elements of the Racah 
tensors has been discussed in Chapter III, and the radial integrals can be 
obtained if the one electron radial wavefunctions are known. It should be 
pointed out that with the exception of the tensor ^^ (k' = odd), the 
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same Racah tensors appear in the effective multipole operators as in the 
expansion of the nonrelativistic multipole operators (Equations 111-116). 
A detailed comparision of the effective multipole operators and the non-
relativistic multipole operators can be made by taking the nonrelativis-
tic limit of the integrals j^(ic',!<',k) (ir = e or m). 
Nonrelativistic Limit 
The integrals are expressed in terms of the radial wave-
functions F and G which can be formally expanded in a series of powers 
of ]/C where c is the velocity of l ight. Keeping only the lowest order 
terms in the expansion, the nonrelativistic limit of F and G can be shown 
to be 
Vj ° r' V . 
where is the nonrelativistic radial wavefunction which is, of course, 
independent cf j. This limit is often called the Paulî limit and the 
wavefunction is normalized to (but not including) order 1/c . Then using 
Equations 153 and 152, the nonrelativistic limit of the integrals 
j (ic',k',k), accurate to (but not including) order (1/c ), can be shown 
to be 
(153.-5) 
(153b) 
See, for example, Akhiezer and Berestetskii. 
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j(m)(i,k,k) = = 0 (154a) 
k+1 
j(")(0,k,k). U54b) 
j(*)(0,k,k) = Rg (T54c) 
j^®^l,k,k) = (154d) 
where 
j\ = Jq (t54e) 
and 
«2 = X° rj,(R^  - R.^ )dr . iW) 
Using these equations it is seen that the nonrelativistic limit to (but 
not including) order l/cf of the effective multipole operators is identi­
cal to the extreme nonrelativistic limit of the multipole operators dis­
cussed in Chapter IV. In the nonrelativistic limit it was assumed that 
the only momentum dependent term in the atomic Hamiltonian was the 
electronic kinetic energy. Other terms in the nonrelativistic atomic 
Hamiltonian (Equations 67) are relativistic corrections of the order of 
1/Ç and their contribution to the multipole operators must be obtained 
from a nonrelativistic limit of the integrals (K',k',k) consistent to 
2 (and including) order 1/c . 
Because relativistic effects such as spin-orbit coupling and 
relativistic mass correction are implicitly included in Dirac's equation. 
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their contribution to the multipole operators is included in Equations 
l4l, 142 and 152. In fact, it may be shown that because spin-orbit 
coupling is implicitly included in Dirac's equation, the relativistic ex­
pression of the magnetic scattering amplitude contains angular matrix 
(1 k')k 
elements W • ' where k' is an odd integer whereas these tensors are 
absent in the nonrelativistic scattering amplitude calculated including 
29 
the momentum dependent spin orbit term in the atomic Hamiltonian. 
Thus, using the effective operator approach, the calculation of the 
magnetic scattering amplitude has been reduced to evaluating relativistic 
radial integrals and matrix elements of the Racah tensors taken between 
nonrelativistic Russell-Saunders states. Relativistic effects such as 
the modification of the nonrelativistic current density due to relativis­
tic corrections to the atomic Hamiltonian are implicitly included in the 
formalism. In the extreme nonrelativistic limit, where the electronic 
kinetic energy is the only important momentum dependent term in the atomic 
Hamiltonian, the relativistic multipole operators as well as the scattering 
amplitude become identical to those of the nonrelativistic formulation. 
Elastic Scattering by an Atom in a Single Russell-Saunders State 
in the nonrelativistic formulation discussed in Chapter IV, it was 
shown that the calculation of the magnetic scattering amplitude can be 
considerably simplified in the case of elastic scattering by an atom whose 
state is a single Russell-Saunders state. An equivalent simplification is 
expected when the problem is treated with the relativistic formalism which 
has been developed. 
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Using exactly the same arguments made in the nonrelativistic case, 
it may be shown that only the m=0 components of the effective multipole 
operators contribute to the scattering amplitude. The scattering 
a m p l i t u d e  c a n  t h e n  b e  w r i t t e n  i n  t h e  c o n v e n t i o n a l  f o r m  p ( q ) w h e r e  
is the magnetic scattering vector and p(q) is given by 
- M'. I 'Wry)'' < eJMlT^ lej„> . 
k= 1,3... Zt+1 
with 6 = aSL, P'|^(cosô), the derivative of a Legendre polynomial and 
the angle between the axis of quantization of the atom and the scatter­
ing vector. The expression for p(q) given in Equation 155, is identical 
to that obtained in the extreme nonrelativistic case (Equation 121), with 
the exception of the fact that T^^ is now an effective magnetic multipole 
operator. Comparing the expressions for the effective multipole operator 
(Equations l4l, 142, and 152) and the multipole operator obtained in the 
extreme nonrelativistic limit, Equations 111 through 116, it can 
be seen that for elastic scattering, the magnetic scattering amplitude 
can be obtained from the nonrelativistic expressions by simply replacing 
the nonrelativistic radial integrals R by their relativistic counterparts. 
This prescription for obtaining the magnetic scattering amplitude 
of a relativistic atom is somewhat different from the prescription 
proposed by Freeman and Desclaux^^ which was discussed in Chapter IV. 
For elastic scattering, the relativistic radial integrals and non­
relativistic radial integrals differ only in the integrals j^(K',k',k) 
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(ir = e or m) and Since the integrals {k* ,k) (tt = e or m) differ 
from the relativistic generalization of the given in Equation 133, 
the resulting radial integrals cannot be the same. Thus we expect 
differences to exist between calculations of the magnetic scattering 
amplitude using the relativistic generalization proposed by Freeman and 
Desclaux^^ and calculations using the relativistic formalism presented 
in this chapter. The magnitude of these differences will be discussed 
when the relativistic formalism is applied to elastic scattering by rare 
earth ions. 
In Chapter IV, it was shown that In the forward direction the 
magnetic scattering amplitude is proportional to the azimuthal component 
of the magnetic moment. For an atom in a single LS state, the azimuthal 
component of the magnetic moment can be written as QUgM, where g is the 
atomic g factor which appears in the linear Zeemar. term. Thus the 
magnetic scattering amplitude in the forward direction can be written as 
Vn 
p(0) = gM . 
in the extreme nonrelativlstic case discussed in Chapter IV, g is de­
termined by the simple Landé formula, however now g is determined from 
9^ = '•'"Iqh 0 <8JM|T^!8JM> (156) 
where T^^ is an effective magnetic multipole operator. This g factor 
differs slightly from the Landé value because of relativistic corrections. 
These relativistic corrections have been examined by perl and Hughes^^ 
71 
and Abragam and Van Vleck using the nonrelativlstic limit of Dirac's 
no 
equations. They found that the physical origin of the relativistic 
corrections was twofold. First, there is a mass correction effect re­
sulting from the fact that the mass m of the electron must be replaced 
by m(l - . The mass correction to the g factor was first con-
^ . 72 73 
sidered by Breit and Margenau. Second, there is a spin-orbit 
coupling effect, which adds an extra moment due to the Lamor precession 
of the electrons. 
Elastic Scattering by Rare Earth Ions 
it was shown in Chapter IV that the 4f wavefunctions of rare earth 
ions in solids can usually be approximated with those of free tripositive 
ions. The ground state of the free tripositive ion is for all practical 
purposes a pure Russell-Saunders state. Thus in examining the form 
factors of rare earth ions we can use the results of our discussion of 
elastic scattering by atoms in a single Russell-Saunders state of the &" 
configuration. For this special case it was shown that the magnetic 
scattering amplitude can be obtained from the nonrelativistic expressions 
by simply replacing the nonrelativistic radial integrals (Equations 113 
and 114) by their relativistic counterparts, R(<',k ', l<) (Equations 149-
151). An inspection of these radial integrals shows that the non­
relativistic radial integrals can be obtained from their relativistic 
counterparts by replacing the integrals j'^(K',k'k) by their nonrelativis­
tic limits (Equations 152), which are linear combinations of the Bessel 
transforms j, . Thus differences between relativistic and nonrelativistic 
k 
scattering amplitudes result directly from the way the integrals 
in 
j^^K',k',k) and are evaluated. 
The integrals and j^^^K',k',k) (Equations 108 and 152, 
respectively) should properly be evaluated using wavefunctions obtained 
from Hartree-Fock and Dirac-Fock calculations, respectively. However, 
it was pointed out in Chapter IV that the 4f electrons cannot be 
adequately described with Hartree-Fock wavefunctions and thus a 
relativistic generalization of the integrals was proposed by Freeman 
and Desclaux.^^ This relativistic generalization is given in Equation 
133 and it has been common 1y used to calculate the magnetic scattering 
amplitude of rare earth ions. It has also been pointed out that this 
relativistic generalization of the integrals does not correspond 
with the integrals ,k' ,k). 
To assess the differences between scattering amplitudes evaluated 
using the integrals j '(ic',k',k) and the relativistic generalizations of 
the Bessel transforms relativistic Dirac-Fock calculations of the 
wavefunctions of tripositive Gd and Er ions have been performed. A 
multiconfigurational Dirac-Fock program written by J. P Desclaux^^ 
was used to perform these calculations, in the program the wave-
functions are calculated using a variational technique to minimize 
where H-Hg is the relativistic atomic Hamiltonian (Equations 46 and 4?) 
with the Breit interaction removed. The numbers in Equation I56 are 
the weights of the different configurations in the expansion 
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Number of 
configurations 
^ °  I  Ww 
V=1 
where is the total wavefunction of the atom and (J)^ Is an eîgenfunctîon 
of the total angular momentum which can be expressed as an antisymmetric 
product of the one electron wavefunctions given in Equation 69. By 
appropriately picking the coefficients Wy, a particular LS state within 
the Jl" configuration can be constructed. However, it is convenient to 
use the same radial wavefunction for all LS states of the configura­
tion, since differences between the radial wavefunctions of such states 
are usually quite small. Such an average wavefunction was obtained 
for Er and Gd ions by using the mixed configuration approximation which 
has been discussed by Mayers?^, Desclaux ej^ aj_.and Lindgren and 
Rosen.In the mixed configuration approximation the weights in 
Equation 1$6 are picked so that the wavefunction is obtained from the 
minimization of an average LS state energy. The prescription for ob­
taining the average energy of the LS states is to choose the weights 
In Equation 756 to be equal to the square root of the sum of the de­
generacies of all possible j-j states that can be formed from a gîven 
configuration. A list of the weights used for the calculation of the 
Gd and Er wavefunctions is given in Tables 12a and 12b, respectively. 
Other details about the Dirac-Fock program have been documented by 
Desclaux. Using the mixed configuration approximation which has been 
discussed, the Dirac-Fock program was run to obtain the Af-wavefunctions 
of tripositive Er and Gd ions. The 4f wavefunctions obtained from the 
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Table 12a. Degeneracy of j-j configurations corresponding to f^ (Gd^*) 
Number of electrons 
in j = A + i state 
Number of electrons 
in j = 2 - ^ state 
Degeneracy of al1 
possible j-j 
coupled states 8 168 840 1400 840 168 
Table 12b. Degeneracy of j-j configurations corresponding to f^^ (Er^^) 
Number of electrons 
in t a 0 J- 4- c+sfa 
Number of electrons 
in j = £. - i state 
Degeneracy of all 
possible j-j 
coupled states 56 168 120 20 
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program were then used to evaluate the integral and the 
relativistic generalization of the Bessel transform jj^ defined in Equa­
tion 133. From the integrals ,k',k), reduced matrix elements of the 
relativistic multipole operator were evaluated and from the relativis­
tic generalizations of the Bessel transforms (see Equation 133), the 
reduced matrix elements of the nonrelativistic multipole operator T^^^(O) 
were evaluated. The results of this calculation for the Gd^^ ion are 
listed in Table 13a and results for the Er^* ion are given in Tables 13b 
and 13c. Only reduced matrix elements of magnetic dipole operators have 
3+ 8 
been tabulated for the Gd ion because its ground state is ^-j/2 
angular momentum conservation requires all other magnetic multipole 
moments to be identically equal to zero. However for Er^* all reduced 
matrix elements of magnetic multipole operators whose order of multi-
polarity is less than or equal to 7 are nonvanishing and have been tabu­
lated. From an inspection of tables 13a, 13b and 13c it is seen that 
there are small differences between reduced matrix elements of the 
relativistic and nonrelativistic multipole operators. These differences 
arc, of course, reflected in the form factor obtained usTng the relativ­
istic and nonrelativistic formulations of magnetic scattering. in 
Chapter IV it was pointed out that even changes of the order of a few 
parts per thousand in the 4f electron form factor can be of importance 
in the quantitative analysis of the conduction electron form factor 
of rare earth metals. This is due to the fact that the conduction 
electron contribution to the observed scattering amplitude is only a few 
percent at small scattering angles. Since a nonrelativistic scattering 
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3+ ^ 
Table 13a. Reduced matrix elements of multipole operators for Gd 
Sin(e)A (8J| |  II 8J)  < eJl l  T'J' (0) l |eJ > ^  Difference 
0.0 -11.2165 -11.2250 0.0085 
0.1000 
-10.5259 -10.5394 0.0135 
0.2000 - 8.7816 
- 8.8067 0.0251 
0.3000 - 6.6507 - 6.6868 0.0361 
0.4000 - 4.6591 - 4.7018 0.0427 
0.5000 - 3.0456 
- 3.0899 0.0442 
0.6000 - 1.8486 
- 1.8907 0.0421 
0.7000 - 1.0147 - 1.0524 0.0378 
0.8000 - 0.4638 
- 0.4963 0.0325 
0.9000 - 0.1192 - 0.1464 0.0272 
i.0000 0.0821 0.0600 0.0222 
1.1000 0.1881 0.1703 0.0178 
1.2000 0.2332 0.2190 0.0142 
r-i I I I Mio «.I • /N c I otitoi » CO wc I c cvoiuo Lcu u3 # I ;y -T I wove I Ul IV L » Vila 
obtained from mixed configuration Dirac-Fock calculations. 
^The operator is the effective multipole operator in Equation 141. 
'"The operator T^(0) 's the nonrelativistic multipole operator given 
in Equation 111. The integrals j^ which are needed for the evaluation 
of matrix elements of this operator were calculated using the relativis-
tic generalization given in Equation 133. 
I 
3+ ® 
Table 13b. Reduced matrix elements of multipole operators for Er 
Order of Multipolarîty = 1 Order of Hultîpo1arity = 3 
sin(0)A (8JMT"|| 8J)b <(3j|[r'j^llej>^ Difference (eJ |1 T^ll QJ) <0J 1| T3 (O) 1|9J>'^ Difference 
0.0 
-19.1397 -19.1625 0.0228 0.0 0.0 0.0 
0.1000 -18.4142 -18.4440 0.0298 0.0291 0.0288 0.0003 
0.2000 -16.4957 -16.5410 0.0453 0.1034 0.1026 0.0008 
0.3000 
-13.9500 -14.0093 0.0593 0.1949 0.1941 0.0009 
0.4000 -11.3008 -11.3674 0.0666 0.2790 0.2785 0.0004 
0.5000 - 8.8705 - 8.9375 0.0669 0.3422 0.3424 -0.0003 
0.6000 
- 6.7995 - 6.8619 0.0624 0.3811 0.3820 -0.0009 
0.7000 - 5.1120 - 5.1703 0.0552 0.3979 0.3993 -0.0015 
0.8000 
- 3.7878 - 3.8349 
0
 
0
 0.3969 0.3987 -0.0018 
0.9000 - 2.7657 - 2.8048 0.0390 0.3828 0.3849 -0.0020 
1.0000 
- 1.9925 - 2.0241 0.0316 0.3601 0.3622 -0.0021 
1.1000 - 1.4157 - 1.4408 0.0251 0.3323 0.3343 -0.0020 
1.2000 - 0.9907 - 1.0104 0.0198 0.3019 0.3038 -0.0019 
^A11 reduced matrix elements were evaluated using 4f wavefunctions obtained from mixed con­
figuration Dirac-Fock calculations. 
^The operator is the effective multipole operator in Equation l4l. 
_ ^The operator Tj" is the nonrelativistic multipole operator given in Equation 111. The integrals 
j which are needed for the evaluation of matrix elements of this operator were calculated using 
tne relativistic generalization given in Equation 133. 
3+ 9 
Table 13c. Reduced matrix elements of multipole operators for Er 
Order of Multipolarity = 5 Order of Multipolarity = 7 
sîn(0)/A (e j | [ r^l l  0 j )^ D i fference (0J|^y| |8J)  ^ <8J|^7^0)  | |0J>^ DÎ fferi 
0.0 0.0 0.0 0.0 0.0 0.0 0.0 
0.1000 -0.0002 -0.0002 0.0000 -0.0000 -0.0000 -0.0000 
0.2000 -0.0021 -0.0021 0.0000 -0.0010 -0.0010 -0 .0000 
0.3000 -0 .0083 -0.0083 0.0000 -0.0082 -0.0079 -0.0002 
0.4000 -0.0197 -0.0199 0.0002 -0.0283 ••0.0275 -0.0008 
0.5000 -0.0349 -0.0353 0.0004 -0.0642 ••0.0627 -0 .0015 
0.6000 -0.0519 -0 .0524 0.0005 -0.1129 -0.1108 -0 .0022 
0.7000 -0.0624 -0.0691 0.0006 -0.1687 •0.1662 -0.0025 
0.8000 -0.0832 -0.0839 0.0007 -0.2259 -0.2232 -0.0027 
0.9000 -0 .0953 -0.0959 0.0006 -0 .2796 -0.2771 -0 .0025 
1.0000 -0 .1043 -0.1049 0.0006 -0 .3267 -0.3244 -0.0023 
1.1000 -0.1104 -0.1109 0.0005 -0 .3653 -0.3633 -0 .0020 
1.2000 -0 .1137 -0.1140 0.0003 -0.3945 -0.3929 -0 .0017 
^A11 reduced matrix elements were evaluated using 4f wavefunctions obtained from mixed con­
figuration DIrac-Fock calculations. 
The operator T^ is the effective multipole operator in Equation lAl. 
_ ''The operator T^ is the nonrelativistic multipole operator given in Equation 111. The integrals 
j. which are needed for the evaluation of matrix elements of this operator were calculated using 
tne relativistic generalization given In Equcition 133. 
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amplitude evaluated with the relativistic generalizations of the integrals 
has been used in the past to analyze the measured form factors of Er 
and Gd metals, we can assess the importance of the differences shown in 
Tables 13a, 13b and 13c by reanalyzing this data. 
2k 
Stassis et al. measured the induced moment form factor of Er metal. 
The experiment was performed fay Bragg scattering a monochromatic neutron 
beam from a crystal subjected to a field of 22k0e applied perpendicular 
to the scattering plane. The ratio of the coherent diffracted intensities 
of neutrons with spin orientations parallel and antiparallel to the 
applied field was measured. This quantity is called the polarization 
ratio and from it, the ratio of the coherent paramagnetic scattering 
amplitude p(8) to the nuclear scattering amplitude b was extracted. The 
nuclear scattering amplitude b does not depend on the scattering angle 
and thus the angular dependence of the ratio p(6)/b is equal to the form 
factor for the metal. The conduction electrons are much more spatially 
extended than the 4f-electrons and thus contribute to the measured form 
factor only at small values of sin 6/X. 
Thus the conduction electron contribution to the scattering can be ob­
tained by subtracting from p/b a theoretical form factor for the 4f electrons 
which has been fit to the data at large values of sin 6/A where the con­
tribution from the conduction electron polarization is expected to be 
2k  
negligibly small. Using this idea, Stassis e^ separated the con­
duction electron contribution to p/b by fitting all data having sin 6/X > .35 
with an induced moment form factor which was evaluated with the relativistic 
generalizations of the Bessel transforms (see Equation 133). This is the 
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form factor which would be obtained by normalizing to one in the forward 
direction the reduced matrix element < 8J || T'j^(O) |{ 0J > given in Table 
13b. As we have seen such an analysis is inconsistent because a non-
relativistic expression (Equations 111 through 116) was used to obtain 
the scattering amplitude and form factor for an atom described by a 
relativistic Dirac Hamiltonian. In order to be consistent, an expression 
for the scattering amplitude and form factor (Equations 149 through 152) 
derived from the relativistic Dirac Hamiltonian describing the atom must 
be used. Thus instead of using the reduced matrix elements 
< 6J11 t'^(O) 11 0J > (which were evaluated with relativistic radial wave-
functions by using Equation 133), the reduced matrix elements 
(0j[[ fj'll 6J) given In Table 13b should be used to obtain the induced 
moment form factor of the Er^^ ion. 
!n Tables l4a and l4b a reanalysis of this experiment is presented 
using the form factor obtained from the reduced matrix elements 
(8JII T*^ II 6J) given in Table 13b. The ratios of p/b obtained by Stassis 
24 
e^ a^. are also presented along with a fit consistent with the original 
analysis of the data. Results for the cases in which the magnetic field 
was applied parallel and perpendicular to the crystaliographic c-axis 
have been separately tabulated because the magnetic susceptibility in 
these two cases is different. The differences between the fit and 
measured values of p/b for the high angle reflections are attributed to 
uncertainties involved in the experiment and the calculation. For the 
low angle reflections these differences are primarily a measure of the 
conduction electron form factor. 
•3 
Table \ka. Induced moment form factor of erbium metal ^  (Hllc) 
H K L sin 0/A p/b® Fit using . (Difference Fit using (Difference 
measured <0J 111^(0) 11 0J> from p/b) X (0j||Tm||ej)C from p/b) X 
10^ 10^ 
0 0 0 0.0 0.06861 0.06320 54. 0.06363 50. 
1 0 0 0.163 0.05919 0.05722 20. 0.05755 16. 
1 1 0 0.283 0.04817 0.04769 5. 0.04788 3. 
2 0 0 0.326 0.04428 0.04392 4. 0.04407 2. 
2 1 0 0.432 0.03478 0.03482 0. 0.03487 -1. 
3 0 0 0.489 0.02981 0.03031 -5. 0.03033 -5. 
2 2 0 0.565 0.02564 0.02488 8. 0.02487 8. 
3 1 0 0.588 0.02387 0.02339 5. 0.02336 5. 
4 0 0 0.652 0.01912 0.01958 -5. 0.01954 -4. 
3 2 0 0.711 0.01623 0.01651 -3. 0.01646 -2. 
^Measurements performed by Stassis £t_ £l_.  using the polar ized neutron technique.  Data was 
taken at  300°K by inducing a moment with a f ie ld of  22 kOe appl ied paral le l  to the crystal lo-
graphic c axis.  The value of  p/b for  s in 0 /A=0.0 was obtained from suscept ibi l i ty  measurements.  
This Is a least squares fit to the data with sin 0/A > .35 using the induced moment form 
factor given in Equation 132. The form factor was evaluated using reduced matrix elements of the 
nonrelativis11c multipole operator T'j^(O) given in Table 13b. This is the form factor used In the 
original analysis of the data. 
^This is a least squares fit to the data with sin 0/A > .35 using the induced moment form 
factor. The form factor was evaluated using reduced matrix elements of the relativistic multipole 
operator T"!^ given in Table 13b. It is more consistent to use this form factor In analyzing the 
data. 
Table ]4b. Induced moment form factor of erbium metal^ (Hie) 
H K L sin 0/X p/b^ Fil; using , (Difference Fit using (Difference 
measured <0J ||T'?(0) ||0J> from p/b) x (6J ||T?|| 8J)^ from p/b) x 
10^ 10* 
0 0 0 0.0 0.06085 0.05626 46. 0.05659 43. 
0 0 2 0.179 0.05086 0.04994 9. 0.05018 7. 
1 0 I 0.186 0.05049 0.04949 10. 0.04972 8. 
I 0 2 0.241 0.04735 0,. 04564 17. ' 0,04581 15. 
I 1 0 0.283 0.04416 0.04245 17. 0.04258 16. 
I 0 3 0.313 0.04003 0.04011 -1. 0.04022 -2. 
1 1 2 0.334 0.03891 0.03847 4. 0.03856 4. 
2 0 I 0.338 0.03897 0.03815 8. 0.03824 7. 
0 0 4 0.357 0.03705 0.03667 4. 0.03675 3. 
2 0 2 0.372 0.03566 0.03551 2. 0.03557 1. 
2 0 3 0.422 0.03176 0.03173 0. 0.03176 0. 
1 I 4 0.455 0.02968 0.02933 3. 0.02935 3. 
I 0 5 0.475 0.02723 0.02793 
-7. 0.02793 -7. 
0 0 6 0.536 0.02422 0.02391 3. 0.02389 3. 
2 2 0 0.565 0.02247 0.02215 3. 0.02212 3. 
2 2 2 0.593 0.02019 0.02053 
-3. 0.02050 -3. 
I I 6 0.606 0.01996 0.01982 1. 0.01977 2. 
1 0 7 0.646 0.01726 0.01772 -5. 0.01767 -4. 
2 2 4 0.668 0,01643 0,01665 -2. 0.01660 -2. 
2 0 7 0.704 0.01482 0.01500 -2. 0.01495 -1. 
0 0 8 0.7)4 0.01414 0,01457 -4. 0.01451 -4. 
^Measurements performed by Stassis e^ a_j.. using tlie polarized neutron technique. Data was 
taken at 3OOOK by inducing a moment with a field of 22 kOe applied perpendicular to the crystallo-
graphic c axis. The value of p/b for sin 8/A =0.0 was obtained from susceptibility measurements. 
'^This is a least squares fit to the data with sin 6/X > .35 using the Induced moment form factor 
given in Equation 132. The form factor was evaluated using reduced matrix elements of the non-
relativist Ic multlpole operator T^fO) given in Table 13b. This is the form factor used in the 
original analysis of the data. 
^This is a least squares fit to the data with sin 0/X>.35 using the induced moment form factor. 
The form factor was evaluated using reduced matrix elements of the relatîvistîc multlpole operator 
T^ given in Table I3b. It is more consistent to use this form factor to analyize the data. 
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It is seen that in the original analysis of the data the magnitude 
of the conduction electron polarization (this is determined by p(0)/b) 
was systematically overestimated by approximately ten percent. Moreover 
there are differences in the shape of the resultant conduction electron 
form factor. However these differences are sufficiently small so that 
24 
the qualitative conclusions made by Stassis et aj_. about the nature 
of the conduction electron polarization remain essentially unchanged. 
Similarly the reduced matrix elements (ejjj I'^jj 0J) which are tabula­
ted in Table 13a for the tripositive gadolinium ion have been used to 
23 
reanalyze the experiment performed by Moon et al. In this experiment 
both polarized and unpolarized neutrons were used to obtain the form 
factor of gadolinium metal in a nearly saturated state. In reanalyzing 
this experiment, comparision has been made with the product of the 
magnetic moment y and the form factor f, which was tabulated by Moon 
23 
e^ al_. To make the comparison saturated state form factors obtained 
from the two sets of reduced matrix elements given in Table 13a 
( < 6J|| T^(0)|| 8J > and (8J|{ T^|| 0J) ) were fit to the 64 measured re­
flections having sin 8/X > .35. Since the conduction electron polariza­
tion only appreciably affects the first few reflections the results of 
the fits have only been tabulated in Table l4c out to a value of 
sin 8/X < .43. The difference between the fits and the product yf for 
reflections with sin 6/X > .25 gives some indication of the uncertainties 
involved in the experiment and calculation. Again it is seen that an 
analysis using the reduced matrix elements < 8J{| (O) || 0J > overestimates 
the magnitude of the conduction electron polarization compared to a more 
Table 14c. Saturated state form factor of gadolinium metal^ 
h k 1 sin 0/A Mf" Fit using (Difference Fit using . (Difference 
<0J|1 Tf (0) ||0J >c from vtf) X (0Jl| Tf W0J) from uf) X 
Measured lo2 10^  
0 0 0 0.0 6.92 6.36 56. 6.45 47. 
0 1 0 0.1592 5.854 5.441 41. 5.507 35. 
0 0 2 0.1725 5.437 5.300 14. 5.364 7. 
0 1 1 0.1611 5.193 5.206 -1. 5.267 
-7. 
0 1 2 0.2348 4.544 4.580 -4. 4.629 -8. 
1 1 0 0.2758 4.069 4.083 -1. 4.122 
0 1 3 0.3038 3.757 3.745 1. 3.778 -2. 
0 2 0 0.3185 3.699 3.570 13. 3.600 10. 
0 2 1 0.3299 3.475 3.437 4. 3.467 I. 
0 0 4 0.3450 3.336 3.263 7. 3.287 5. 
0 2 2 0.3622 3.156 3.070 9. 3.O9O: 7. 
0 1 4 0.3800 2.824 2.876 -5. 2.893 
-7. 
0 2 3 0.4103 2.559 2.560 -1. 2.572 -1. 
2 1 0 0.4213 2.399 2.451 -5. 2.461 -6. 
^Results of  neutron di f f ract ion experiments performed on single-crystal  specimens of  Gd by 
Moon et  a l .23 using both polar ized and unpolar lzed neutrons.  Data were obtained in the ferromagnet ic  
state at  96 K for  a l l  hko ref lect ions out  to % in  0/A < 1.275 and nearly a l l  (Okl)  peaks to 
sin 0/A < 1.04.  
^The quant i ty  tabulated is  the moment t imes the form factor .  The product  uf  was obtained f rom 
the p/b rat ios with the experimental ly  determined value for  the nuclear  scatter ing ampli tude for  
l60Gd.  The value of  p/b for  s in 0/A = 0 .0  wa:;  obtained from suscept ibi l i ty  measurements.  
^This is  a  least  squares f i t  to a l l  the data with sin 0/A > .35 using the saturated state 
form factor  given in Equat ion 125.  The results are only presented for  s in 0/A < .43,  and the form 
factor  was evaluated from reduced matr ix  elements of  the nonrelat iv ist ic  mult lpole operator  (O) ,  
given in Table 13a.  
^This is a least squares fit to all the data with sin 0/A < .35 using the reduced matrix 
elements of the relativists: multlpole operator T^^ given in Table 13a. Only results for sin 6 /A < 
.43 are shown. It is more consistent to use this form factor In analyzing the data. 
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consistent analysis using the (8J|| T^H 6J). However again, this over-
estimation does not affect any qualitative conclusion made about the 
nature of the conduction electron magnetization density. 
Thus we see that there are some small but significant differences 
between rare earth form factors evaluated using the relativistic theory 
of magnetic scattering which has been presented in this chapter, and 
those obtained from relativistic extensions or generalizations of the 
nonrelativistic theory presented in Chapter ÎV. 
Discussions and Conclusions 
The aim of this work has been to formulate an accurate theory of 
magnetic scattering that could be used to interpret experiments which 
measure the form factor of rare earth ions in solids. To do this, the 
similarity between the problem of magnetic scattering and the radiation 
problem in spectroscopy has been expoiited. using this analogy, it has 
been shown that the magnetic scattering amplitude of an atom described by 
either a relativistic or nonrelativistic Hamiltonian can be expressed in 
terms of matrix elements of magnetic and electric multipole operators. 
These matrix elements have been evaluated for atoms in the electronic 
configuration by applying techniques well known in modern spectroscopy. 
In the nonrelativistic case, the magnetic and electric multipole 
operators were expanded in terms of Racah tensors, which are the 
generators of the groups used to classify the atomic states. This re­
duces the calculation of the magnetic scattering amplitude to the evaluation 
of radial integrals and matrix elements of the Racah tensors. The 
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nonvanîshîng matrix elements of the Racah tensors can be obtained for all 
cases of practical interest from tabulations compiled by atomic physicists. 
The radial integrals can be evaluated from one electron radial wavefunctions 
obtained from some type of Hartree-Fock calculation. However, since the 
^f-wavefunctions of rare earth ions are only accurately obtainable from 
relativistic Dirac-Fock calculations, a relativistic generalization of 
these radial integrals (see Equation 133) has been common1y used to 
interpret elastic scattering experiments. 
For the case in which the atom is described by a relativistic 
Hamiltonian, the matrix elements of the relativistic magnetic and elec­
tric multipole operators have been obtained using the effective operator 
68 
approach, which was first introduced by Sandars and Beck in the study 
of hyperfine interactions. By writing the relativistic electric and 
magnetic muitipoie operators in effective operator form, a relativistic 
result has been obtained by taking matrix elements of these effective 
operators between nonrelativistic states of the atom. The electric and 
magnetic multipole operators, written in effective operator form, have 
been expressed in terms of Racah tensors and relativistic radial integrals. 
The relativistic radial integrals can be calculated form Dirac-Fock radial 
wavefunctions, and the matrix elements of the Racah tensors are easily 
obtainable using the well-known techniques of atomic spectroscopy which 
have been discussed. 
In applying this formulation of magnetic scattering to experiments 
performed on the rare earth metals, it was necessary to approximate 
the 4f electron wavefunctigns in the solid with those of the tripositive 
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ion. In doing this, effects such as the screening of the nuclear charge 
by the conduction electrons, interband mixing and core polarization have 
26 been neglected. Harmon and Freeman have theoretically examined these 
effects for Gd metal and found that, in fact, they are quite small. This 
conclusion is supported by the fact that excellent agreement has been 
obtained between the localized part of the form factors for Er and Gd 
metals and theoretical fits using this atomic model. 
The gound state of a rare earth tripositive ion is nearly a single 
Russell-Saunders state and for elastic scattering from such a state it 
was shown that the magnetic scattering amplitude can always be written in 
the conventional form PGeneral expressions for the amplitude 
p(q) were obtained and the form factor was defined as the angular part 
of p(q) normalized to one in the forward direction. The evaluation of 
the coherent magnetic scatteriny amplitude of an atom :r. a rr-agr.stic 
field was also discussed. 
These expressions were used to compare calculations of the 4f 
electron form factor using the relativistic and nonrelativistic formula­
tions of magnetic scattering. To do this, Dirac-Fock radial wavefunctions 
3-i* 3+ 
were calculated for Gd and Er ions using the mixed configuration 
approximation, in this approximation, all states of a given term are 
assumed to have the same radial wavefunction. The uncertainties 
introduced in the calculated form factor by making this approximation 
have been assessed by Freeman and Desclaux^^ and found to be quite small. 
^ 3 Using this approximation the form factors obtained by Moon et al. and 
2k Stassis et al. for Er and Gd metals were reanalyzed. It was shown that 
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the form factor which was originally used to analyze these experiments over­
estimates the conduction electron polarization by approximately ten percent 
compared to an analysis using the relativistic treatment of magnetic 
scattering presented in this chapter. These differences do not change any 
qualitative conclusions which have been drawn from these experiments about 
the conduction electron polarization; however, they are of importance in a 
quantitative analysis of the conduction electron form factor. 
It should be pointed out that even changes as small as a few parts 
per thousand in the Af-electron form factor can produce appreciable 
changes in the conduction electron form factor. This is due to the fact 
that the conduction electron form factor was obtained by subtracting from 
the measurements, the dominant contribution of the 4f-electrons. Although, 
all of the approximations used to obtain the relativistic 4f form factor 
the measured conduction electron form factor. To circumvent these 
problems, Dr. Stassis has recently performed measurements on Lu metal 
which has a closed shell of 4f electrons. Preliminary measurements 
indicate that the conduction electron distribution in Lu is quite similar 
to that of Er metal. 
Finally, it should be noted that the nonrelativistic formulation of 
magnetic scattering presented in Chapter II is totally general and can 
be used to investigate magnetic scattering from systems other than atoms. 
Moreover, some novo I prodictiona arc containod in this «jpiummI ronnuKitioii 
of magnetic scattering. If the Initial and final states of the scattering 
system have opposite par It Ion, the clcctric dipolc term may proJuco the 
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dominant contribution to the inelastic scattering cross section. Thus far 
such a contribution to the inelastic magnetic scattering cross section has 
not been experimentally reported, primarily because the energy of present 
day neutron beams is so low that only transitions between states of the 
same parities can occur. However, with the advent of higher energy neutron 
beams, such transitions may be observable. 
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APPENDIX A 
In this appendix the basic properties of the vector spherical 
harmonics will be summarized. The vector spherical harmonic ^  ^ |Cr) 
is defined by 
= I Y^j^Cr)e^UMlq[km) , (A J) 
' ' M,q 
where (2Hiq}km) is a Ciebsch Gordon coefficient, e^ is a spherical unit 
vector and Y^^^r) Is a spherical harmonic. From the definition of the 
vector spherical harmonics, it is seen that they are formed by coupling 
the spherical harmonics with the components of the spherical unit vec­
tors (Equation 17). The vector spherical harmonics are often used in the 
multipole expansion of the electromagnetic field, and have been used 
throughout this work. In some cases in this work, the notation for the 
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vector spherical harmonics adopted by Blatt and Vfeisskopf has been 
used. The correlation between the notation for the vector spherical 
harmonic in Equation (A.l) and that of Blatt and Weisskopf is. 
The vector spherical harmonics can be expressed as analytical functions 
in a spherical polar coordinate system (r,8,#) associated with the unit 
vector system (rp§j,$j): 
130 
1 3Y 
^,W,1 - r, 
+ 4», I ""'^'^1 i (A.3)  
[U+D (2)1+1 )]2srn0 
-mY. . .3Y„ 
1—^—14-ê,I -' , (A.4) 
uu+i)psine ' mCi+UP 
1 3Y 
imY, 
cj, { } (A.5) 
[&C22+l)]z5;n8 
where the unit vectors can be expressed in terms of unit 
vectors of s fixed right-handed Euclidian coordinate system by 
r^ = i sin6 cos# + j sin6 sin# + k cos6 
6j = i cos6 cos# + j cos6 sin# - k sin6 
#^ = -i sin# + j cos# = (A.6) 
The connection between the vector spherical harmonics of Indices +m 
and -m are the following: 
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- C-r' vj:;,,(f) . (A.7) 
The vector spherical harmonie can be generated from the scalar spherical 
harmonics by use of the identity 
ÎYjg^Cr) » /ZU+O , (A.8) 
where ^  is the orbital angular momentum operator. 
The gradient of a spherical Bessel function j|^(qr) times a spherical 
harmonic and the product of a radial unit vector and a spherical har­
monic can be written in terms of vector spherical harmonics: 
I, 1 
^2k+P^-'k-/k,k-l,l " (2k+l)^jk+1^k,k+l,l iq ^^k^km) 
Y km"" = 
(2k+l) 
In the derivation of the multipole expansion of the magnetic scattering 
amplitude. Equations 16-27, use was made of the identities 
(A.U) 
(A.>2) 
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. (A.13) 
Also throughout this work use has been made of the fact that the dot 
product of any vector a with a vector spherical harmonic can be written 
as a tensor product, 
X . (A.U) 
A detailed list of other important identities has been given by 
Hi 11.78 
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APPENDIX B 
In this appendix, expressions for the multlpole moment operators 
and Tj^Cj) (j = 1, 2, •••) will be derived. 
An expression for T^(0) can be obtained by substituting Equations 
40 and 41 with v. = Rj/m) into Equation (35) to get 
The term in the curly brackets is due to the convection current, while 
the last term in the square brackets results from the magnetization 
current and can be simplified by writing 
|<i?*j|<(qr)Y|^(f)r • Vx (r.6(?'-•?•,)) 
- JdF'jJqr)Y^7'' l1«'(y-Y|)6(x-X;)6(z-Zi)S|z 
-Î8'(z-z;)6(x-x.)6(y-y.)s.y+j... _ (B.2) 
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where î, j, and k are cartesian unit vectors and 6'( ) is the deriva­
tive of a delta function. By realizing that. 
I 
Equation (B.2) can be simplified to 
I ' I I (B.4) 
. fr» .. \/ \ I _ Z» ^ t, \ T . ir / • X, \ 
'! • l=i-'\Jk'km'j - -'i • 'i ""^Jk'km' = -'>i • Uk'km' 
Substituting this equation back into the expression for T^^(O) we 
find, 
t>(0) . 
+ ^ • h "-Pi • I ) 
2™. • (B.5) 
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This is the most compact expression that can be obtained for 
An expression for T^CO) can be obtained by substituting Equations 
40 and 4l Lwlth v. = pj/m) Into Equation (29) to get 
/ m \.  k-1 r 2jt I  
(W '  ^ "k(k+l) T 2m. 
I I 
e.iAg. 
2m. 
I 
[V X (s'.A(r - r.)j j . (B.6)  
The last term in the curly brackets in Equation (B.6) is due to the 
spin magnetization current and can be simplified by writing 
Jdr*i • [Vx (s'.ô(r'-r'.)] = j d?' (j |^Y|^) • [v ô(i^-r'j) x s'.] 
- Jdxdy dz{[t(j^Y^)].(6'(y-y.)6(x-x.)ô(z-z.)s.^ 
-s.y&' (z-z.)6(x-x.)6(y-y-)) 
+ . . .} 
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-1 i )=! - J < J k''J ] I )=i y"" 
- -S;: :^(t^'jk^ktn'x.)t;'xly.y; 
2*2. 
I 
* 'iy ir('^<jk*km'x=xA)z-2. + . . . , 
y=y; 
- (^%7) -(';(jk('"'i)Ykm(C;)| =• •"<^iljk('""i'Y|<m(fi)r(®-7> 
Substituting tiie final expression from above back Into we find, 
[.i7-?;{j,(qr.)Y^(r,)| 
-:Z||jk(sr!)Ykm(f|)| ? +91^! ' ?*Zi|jk(qr.)Y^^^r,^ . (B.8) 
This expression can be further simplified by writing 
- -7(j|^(qr,)Y|^(f,)) -ïl . (B.5) 
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Thus can be written In the compact form, 
TW(0) -
1-^?. •vx?.(j|^(qr,)Y|^(rp)] . (B.lo) 
The algebraic manipulations necessary to derive compact expressions for 
T^(j) and T^Cj) are trivial and shall not be reproduced here. By 
simple calculation one can show that 
ÔH. ÔH. 
+ r.j (qr;)Y^_(r;)] , (B.Il) 
Î v.'K * • rw • 
and that 
tLO) -
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APPENDIX C 
Some of the most useful Identities and algebraic expressions for 
the 3-j, 6-j, and 9~j symbols used in this work will be given in this 
appendix. 
3-j Symbols 
In many of the computations in this work the symbol 
Jl J2 
0 0 
is encountered. This symbol is zero if + j2 + j is odd, so the j's 
may be permuted without regard to change of sign of the symbol. The 
algebraic expression for this symbol is 
,'j, j, j\ 
lo 0" 0 )  -  J  
ih'i)'-
(%J-j ^ ) ! (W-j 2} • ) ! 
Using this expression, one may shew that: 
( C . l )  
i k+1 5,+l\ - (2fi.+k+2) (k+1) 
- [  
0 0 0 / (k+2) (22+k+3 
A ^ r k(2&+k+l) 
\0 0 0/ (k+1) (2£+k+2) 
' \0 0 0/ 
I I k-1 
0 0, 
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,0 0 0 y \o 0 0 
s» k Jl+1 \ I.\ f I . 1 \ ^ ^ 
V 
r(2A-k)(k+i) Ihi 
'• k(2&-k+1) -' \ 
l k-1 £+l| ^ (2&-k+l)k ihf^ ^ 
0 0 0/ (k-l)(2&-k+2) Iq 0 0 
= r (k+1)(2A-k) 1%/% ^ ^ 
L(k+2)(22-k-1)J l„ „ « 
k+1 il-n 
,0 0 0 1 ' •' VO G 0 
/a k &-l\ k(2&-k+l) -k ^  ^ 
yo 0 0/ ^(k+l)(2W J 0 0 
r (k+1) (2£+k+2) A ^ 
,0 0 0 / k(2Z+k+1) i Q Q Q 
A k-1 £-A ^ k(2&+k+l) ihf ^ ^ 
L 0 o/ kk-l)(2WJ 1^0 0 0, 
\ ^ 
]] - - [garnir]" & (I 7 j • A k+1 z 
yO 0 0y 
Some algebraic expressions for other 3-j symbols commonly encountered 
in this work are given below: 
( ^k+1 r k ih 
^ QJ ^ ^ '-2(2k+3) (2k+l) ^ 
^ / \k-l r (k+1) nh 
, , . , - L2(2k-l)(2k+l)J 
J - ] 0 
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'k 1 [ .k+] 
' • 1 -1 o j  /2 (2k+l) 
6-j Symbols 
Many of the 6-j symbols that were evaluated in this work were 
needed for the calculation of a 9-j symbol. These 6-j symbols shall 
not be presented here and only identities for the 6-j symbols used in 
the actual evaluation of the reduced matrix elements of the multipole 
operators will be given: 
^ , \22+k+l r (2A+k+2)(k+l)(2&-k) -1% 
I I I ^U(£+l) (2^1+1) (2k+l)(2k+3) 
k 1 k-l"^ 
I I I  
( \2&+k r (2&+k+l ) k(2&-k+1 ) -\h 
L4&(2+,)(2A+i)(2k-l)(2k+l) J • ^ ^ 
An important identity involving 3-j and 6-j symbols is: 
fk 1 k+ll II k+1 l\ fk 1 k-l) 
V(k+l)(2k+3) / I I = \/k(2k-1){ ) 
I k-l l\ 
(C.5) 
-t J \0 0 0 / t -t- j \0 0 0 
3~j Symbols 
In the calculation magnetic scattering by a relativistic atom, the 
general 9-j symbol 
fh h K' 
< % V k' ' 
j j ' k j (C.6a) 
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occurs frequently. Using the triangular relations listed in Table 1 
is is easily seen that K' can only take the values 0 or 1 and that if 
K' = 0, then necessarily k' = k, whereas if K' = 1, then k' = k, k + 1. 
For K' = 1 and k' = k + 1, k, this symbol can be most easily evaluated 
using an identity given by Edmonds, 
t t k' 
j J' k 
j'+k+k' 
( k k' 1] 
t 
" - ' ' U n i i ; * : ]  
2(2k+l) 
k I 
jk j j'j^'k^ • 
(C.6b) 
where y 'S given the value (k + k')/2 if k 5^ k' or k + % if k' = k. 
For the case in which k' = k, the 9~j symbol in Equation (C.5) can be 
reduced to the 6"j symbol, 
f I V k) 
|j- j h) 
by using the relation 
/ \2'j+k+!i 2(2k+l) h 
SkCk^TT 
r z  £ '  
J j' h 
X [{a(a+i)-4'(&'+!)} - {j(j+i)=j'(j'+!)}] . (C.7) 
If in the 9-j symbol of interest, Equation (C.6a), K' «= 0, the symbol 
may be simplified using 
\k2 
I ^ {j ' il 
" j ;;;"[2(2W)]^ h j 4 
(C.8) 
Using these identities, the table of 9-j symbols given below was ob­
tained. 
12+^  &+)$ k / 
&44g i-h 
J, 
{^ a-h Z+h k 
-2 
& 
= '  r  2k(2 i-k) {2l+k+2) -, 
4(2&+l) '-3(2k+l) (2k+3)&0wr^ 
h (c.io) 
/ . 
u k 
Z z 
z-h z~^  
' h h 
z z 
z^ h PM< 
h h 
z z 
z^ z-h 
k+r 
k 
L  
1 p2(k+l)(2£+k+l) (2Jl+k+2) 
U(2S,+1) L 3(2k+l) (2k+3) 
Î2 
S, 
Z-h k 
2 /6(2k+l) (£+1)5, 
(c.n) 
(C.12) 
(C.13) 
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h h I 
Z a k ^  = 0 (C.14) 
k 
h h 1 
2 0 , J V r6k(2il+k4-lH2£+k+2)-|% , 
Y 12(S,+ 1) (22+1) L (2k-l) (2k+l) -• AC.15; 
5,+% jl+ig k 
2 2k 
( 244s 2-% 
1 1 fh h i\ 
-l[ = - I 2 2 k-lf. 
k j / 2-is 2+4$ k j  
1 r 6(22-k+l) (22+^^1) (k-Hji /p ^ 
~ 12(22+1) L (2k-l) (2k+1) 2(2+1) 
 ^  ^ ""-^ 1 =" 122(22+1) [^ (^2k-ïj(2k+ïl^ ]^ (C.17) 
i-h z-h k J 
' ' (GJ8) 
^ 2+Î2 2+^  k \ 
& & kl = o/^Li^E 2 ( 7 k ^ \ ) I l ( C . 1 9 )  i 
j 2-i5 2-W2 k ) 
Um • #/ «W \ *.1% « 
' ' (c-o) 
2-% 2-îs k 
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It should be noted that the 9-j symbols in Equations (C.12) and 
(C.l4) were identically equal to zero because, of the general identity: 
h - '2  ) 
-il ^2 , = 0 if k] + kz + kg = is odd 
h k2 '3; 
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APPENDIX D 
Any atomic operator can be expressed in terms of the Racah 
tensors. For a one particle operator 
Ckm - Ç =km(:) 
one can wri te 
Z A(K,K',k)w(K.K')k , E A(K,K',k)W— ' (D-l) 
i\) K 
where the coefficients A are determined by requiring that 
^ ^ j 1 
= Z A(K,K',k)[j,j',K,K',kp (i t j') 
K'K' |K K. ki 
Multiplying both sides of this equation by the 9~j symbol which 
appears on the right hand side of this equation, summing over j, j', 
and using the 9-j orthogonality relation one obtains 
1 
^ 1 1 
1 2 i "g r\ 
K' 
l-
j' k 
(D.2) 
if 
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then 
J 4  t  J  
[ic' k' kj 
Substituting this relation Into (D.2) and using the 9-j orthogonality 
one finds 
A(K,K',k) = 6(K,K')5(K',k')[K',k'] ^ (i||a^J|i)(Q:t||b^,||Q:'^) . 
Substituting this relation into (D.l) one finally obtains 
ckm= [k',k']-«(i||a^, hi) (at||b^,|^'t)w('^'. (d.3) 
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